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2 R. A. KUNZE AND E. M. STEIN. 


Introduction. This paper deals with a study of the real 2X2 uni- | 
modular group. Our study of this particular group is motivated by two | 


factors. First, this group has an intrinsic interest, especially in view of its 


connection with several branches of Analysis. Secondly, the 2X 2 real uni- | 
modular group affords an illuminating example for the study of other groups. | 

We construct a family of uniformly bounded representations of the group, | 
and consider its implication with regard to the Fourier analysis of the group. || 


These representations are constructed with the following properties. They all 


act on a fized Hilbert space 9; they are determined by a complex parameter | 


s, 0< R(s) <1, and depend analytically on the parameter s; finally, when 
R(s) = 4, these representations are, up to unitary equivalence, the continuous 
principal series. 

The above properties, in particular the analyticity, together with certain 
convexity arguments applied to operator valued functions yield the following: 


1) The “ Fourier-Laplace” transform of a function f in L,(@) exists 
as an operator-valued function ¥, whose values ¥(s) act on #, and which is 
analytic in s,0< R(s) <1. 


2) When Z,(G), 1S p< 2, the Fourier-Laplace transform can 
still be defined, and is an operator valued function analytic in the strip, 


1—1/p< R(s) <1/p. 
3) A detailed analysis of the proofs of the above reveals the remarkable 


fact: If L(G), 1 =p <2, the Fourier-Laplace transform of f is uni- 
formly bounded in the operator norm along the line R(s) = 4. 


In conjunction with an analysis of the discrete series of representations, 
3) implies the following significant fact concerning harmonic analysis on the 
group: Let k be a function in L,(G), 1 p< 2. In contrast with the (non- 
compact) abelian situation, the transformation 


fofrk, 
of convolution by k, is a bounded operator on L2(@). 


We shall now discuss certain of these facts in greater detail. The repre- 
sentations we consider arise as follows. Let 


a b 
ad—bc=—=1 
be an element of the group. We then consider, for each complex s, the 
multiplier representations,” 


* These representations may be put in the form originally obtained by Bargmann 
[11 by means of the transformation « = tan(6/2). 
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(1.1) f(x) | bx + d|?** f( (ax + + d)) 


(1.2) f(x) (be + d)| be + d f( (az + ¢)/(b2 + d)). 


'}The two continuous principal series are obtained from these by setting 


s=-4-+ it and restricting the functions f to lie in L,(—, ©). 

We are led to the construction of the uniformly bounded representations 
described above by the following considerations. In the group we distinguish 
a particular subgroup, namely, the subgroup of lower triangular matrices of 


the form 
=i 


a 


}It may be shown that when the representations of either of the principal 
iseries are restricted to this subgroup then they are all unitarily equivalent. 
} This raises a natural problem. Can one find a Hilbert space # and repre- 


sentations U*(:,4-+ it), U-(-,4+ it) unitarily equivalent to (1.1), (1.2) 


) (for s=4-+it) such that U*(-,4-+ it) when restricted to the lower tri- 
angular subgroup are independent of ¢? The answer is in the affirmative ; 
furthermore, the uniformly bounded representations U*(-,s), 0< R(s) <1, 
Jwhich we construct, are characterized as the analytic continuations of the 


representations U*(-,4-+7it). It should be added that the representations 


: U*(-,¢), 0<o<1, are unitarily equivalent to the complementary series. 


In solving the above problem and in the actual construction of these 


i representations, it is natural to consider the induced action of (1.1), (1.2) 
‘jon the Fourier transforms F’ of the functions f. The considerations here are 
jrather involved but have an intrinsic interest. For the analysis reveals con- 
}nections with both the so called “Hilbert transform” and the notion of 


“fractional integration.” 


It is clear that the multiplier representations (1.1) or (1.2) afford (at 


least formally) an analytic continuation of (1.1) or (1.2) when s=4- it. 
|) The problem, however, is how to make this precise, i.e., the problem of finding 


an underlying Hilbert space on which these representations act and depend 


‘analytically on s. Ehrenpreis and Mautner have also dealt with the problem 


of extending the representations (1.1) to values of s~4-+ it. Their result 


concerning the analyticity of the Fourier transform of an JL, spherical 
‘)function on G was one of the motivating facts in our work. In addition, it 


was brought to our attention by Ehrenpreis that a similar result might hold 
for Ly. However, there are significant differences between their results and 


j ours. In [5] they construct uniformly bounded representations arising from 


(1.1) when s 44+ it; nevertheless, these representations act on different 
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Hilbert spaces depending on s. In [6], and [7%] they consider, at least im- 
plicitly, representations which act on a fixed Hilbert space; but in this case 
the representations are not uniformly bounded when s+ 3 + it. 

The preceding considerations, in particular 3) above, lead to charac- 
terizations of the representations of the group. This may best be understood 
in the following context. As a result of the work of Bargmann [1], Godement 
[8], and Harish-Chandra [14], attention has been focused on a particular 
class of representations, those which are “square integrable” in the following 
sense; a representation g—>U, on a Hilbert space & is of this type if the 
function 


$= $(9) = 0) 


is in L,(G) for every é,7 in #. The square integrable irreducible unitary 


representations of the 2 X 2 real unimodular group are essentially the repre- | 


sentations of the discrete series. We are able to give a similar characterization 
of the representations of the continuous principal series. An irreducible 
unitary representation g— U, is equivalent to one of the latter if and only if 


) € Lq(G@) 


holds for all £,y€ # and all g > 2, but not for g=2. An analogous charac- 
terization holds for the representations of the complementary series. (See 
Theorem 10 and its corollary, in § 11.) 

One of the main ideas motivating this paper was the desire to extend the 
classical Hausdorff-Young theorem to the group. We recall the form of the 
Hausdorff-Young theorem for Fourier transforms, as given by Titchmarsh. 
Let fe Ly, 2, and let 


— f f(y)ay. 


Then 
| F lq | f 


where 1/p-+1/q—1. 
The most convenient method for proving this theorem is by using a con- 


vexity principle for linear transformations introduced by M. Riesz. This 
principle allows one to “interpolate” between various bounds of linear trans- 
formations. For a general discussion of this method of proof we refer the 
reader to [3]. An extension of the above theorem to locally compact abelian 
groups, via the Riesz convexity principle, is given in Weil’s book [23]. An 
abstract generalization of this theorem to arbitrary locally compact unimodular 
groups has been given by one of us, [16]. This general theorem was proved 
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m.}) bY what amounts to an extension of the convexity principle to linear trans- 
formations between operator valued functions. 
Due to the analytic structure of the family of uniformly bounded repre- 
—" | sentations of G, it is possible to prove a version of the Hausdorf-Young theorem 
vod |, Which is much stronger than its classical analogue (see Theorem 7 in §8). 
ent | The proof of Theorem 7 necessitates yet another extension of the Riesz 
jar} convexity principle—from the case of a single fixed linear transformation to 
ing , a family of transformations depending analytically on a parameter.* 
the | | It seems quite likely that many of the results described above hold not 
| only for this group but for certain other groups as well (e.g. the complex 
| classical groups). We hope to return to this matter at a later time. 
- | We now proceed to describe the organization of this paper. 
ai | In Chapter I, which consists of §§2, 3, and 4, we consider operator 
‘on Em valued functions and we prove the basic convexity (interpolation) theorems. 
ble §§ 2 and 3 are quite general in nature. However, in §4 the subject matter 
, it | | 1s tailored to fit the situation which arises in the 2 X 2 real unimodular group. 
| Chapter II concerns itself with the actual construction of our family of 
| representations. In § 5 the general background and theorems are stated. Their 
ac. ; proofs, however, require some extensive Fourier analysis. This is done in § 6. 
See} | In §7% we return to the proofs of the stated theorems. 


Combining the results of Chapters I and II, we study the “ Fourier- 
the | | Laplace ” transform for the group in Chapter III. This leads to our extension 
the | | of the Hausdorff-Young theorem which is contained in §8 . In §9, we com- 
sh. | 4 plete the Fourier analysis of a function on the group by a consideration of 

the discrete series. 
Chapter IV contains some applications of the above. In §10 we are 
| mainly concerned with the theorem that convolution by a function in Lg, 
. l=p< 2, is a bounded operator on Lz. Some implications of this result 
| are also deduced. Finally, in § 11, we deal with characterizations of various 
| representations of the group and with a related notion—the “extendability ” 
| of a representation to Ly. 


his | 7 We should like to observe that, except for some notation, the contents of 
as-| | Chapters I and II are independent of each other. Since Chapter I is of a 


he} | more technical nature, the reader might well begin with Chapter II which 
an} | deals with uniformly bounded representation of the group. 


ar *JIn the case of numerical valued functions this extension was obtained by one of 
ed us in [20]. 
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CHAPTER I. Oprrator VALUED FUNCTIONS. 


2. L, spaces of operator valued functions. In this part we prove two 
purely technical theorems. In these results we have ignored various possible 
generalizations and have restricted our attention to a rather simple situation 
which appears to be adequate for our purpose. 

We begin by introducing enough terminology to state the theorems. 

Throughout the paper # will denote a complex separable Hilbert space. 
The ring of all bounded operators on &# will be denoted by @. If A is any 


non-negative operator in @ and é,,é,- -- is any orthonormal basis of &, 
then 
(2.1) tr(A) (Aégn, én) 

n=1 


is non-negative and independent of the choice of basis. The bound of an 4 


in @ will be denoted by || A ||., and we shall put | A | = (A*A)#. The p-th| 


norm of A is then given by 


(2.2) | A (tr(| A |?) 


where 1S p<o. The letter M will always stand for a regular measure] | 
space * over a locally compact space with a countable basis for open sets; the| | 
underlying topological space will also be denoted by M. We shall consider| 


functions on M whose values are bounded operators on 9. If F is such a 
function, we say that F is measurable provided 


(2.3) t—» (F(t)é), te M, 


is a measurable numerical function on M for each pair of vectors é,y in &. 
If F,G are measurable, our assumptions imply the measurability of F + G. 


FG, and F*, these being defined in the obvious way; thus for example F* | 


is given by F*(¢t) = [F(t) ]*. 
An operator on & is said to be of finite rank if it is reduced by a finite| 


dimensional subspace. The set of all such operators is a two sided * ideal in| | 
® and will be denoted by €. | | 


(2.4) By a simple function we shall mean a function F on M to é| 
having only a finite number of distinct values, each non-zero value being) 


assumed on a set of finite measure. 


‘For a general discussion of measure theory on locally compact spaces see Halmos| — 


[10, Chapter 10]. 
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REAL 


THEOREM 1. /f F is a measurable operator valued function on M, the 
norms || F(t) |p, 1S pS, are measurable as functions of t, and the relations 


(2.5) || F(t) lew 
(2.6) | F F(t) lo? dm (t) lSp<o, 


define norms relative to which the collection L,(M,@) of all measurable F 
with || F p< is a complex Banach space (one identifies two functions if 
they differ only on null sets). Moreover, the formula 


(2. 7) fF =f trF(t) dm(t) 
is meaningful for F in L,(M,@) and defines an integral satisfying 
(2.8) | SUP hh. 


THEOREM 2. Jf F is any measurable operator valued function on M and 
lS there exist simple functions 8,,82,- - - vanishing outside compact 
sets such that F'S, is integrable, 


(2.9) lim (FS, = || F |\p 


and || S,llgS1, 1/p+1/q=—1. Furthermore, if p and q are indices such 
that 1/r=1/p+1/qS1 and F,G are measurable, then 


(2.10) | PG G lle 


Finally, the simple functions vanishing outside compact sets are dense in 
L,(M,@B) for all p such that lip<o. 


Except for the minor complication that we are dealing with operator 
valued functions, the proofs of these results involve nothing new and proceed 
along standard lines. We have nevertheless included most of the details for 
the benefit of the reader. We mention that one might obtain similar although 
less explicit theorems as consequences of known results from direct integral 
theory and the theory of non-commutative integration; however, it seems 
inappropriate to complicate an essentially simpler measure-theoretic situation 
by such considerations. Furthermore, in our application we require these 
results in the rather explicit and concrete form given above. 

We begin by recalling some of the facts about the trace and the p-th 
norms mentioned earlier. As a general reference to this part, we refer to a 
paper [4] of Dixmier. 

Let é, » be fixed vectors in and define by Fen(f) = 
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An operator # is of finite rank if and only if it is a finite sum of operators 
of the form Hz» and moreover 


(2.11) tr( Zen) = 
Let 8,, 1 =p denote the collection of all bounded operators A on 

& such that || A |p><0. A positive operator A is in By, l= p<o, if and 
only if its spectrum A,,A2,° - - is discrete and 

An? 

n=1 
In this event, || A ||p>—= ( SAn”)?/, which implies, 

n=1 


(2.12) || is non-decreasing function of p. 


(2.13) If A€B,, BEB, and 1/r—1/p+4+1/qSl, then || AB|, | 


S| 4 lol] B lle, where LEp,qSo. 


(2.14) If and 1=pSo, there exist operators Ey, E.,- - of 
finite rank such that || £, ||g1 and 


lim tr(AE,) = || A |lp, 


where 1/p+1/q=1. In case A 1s of finite rank, there exists another such 
operator E with || and tr(AL) =| A |p. 


(2.15) @, 1s a Banach space under the norm given by (2.2), and the 
collection E of operators of finite rank is dense in By forls=p<o. 


(2.16) If 1S p<oo and BE By, where 1/p+1/q—1, then 
A= tr(AB), A€ B, 


is a bounded linear functional, dz on By, and the map B— dz identifies B, 
with the conjugate space of >. 


Given an orthonormal basis é,,£.,- - - of 9 we form the set D of all | 7 


finite rational linear combinations of the operators E;; and (—1)4#,, where 


(2.17) Bij = 


‘D is denumerable, and one easily verifies that the product of two members | 


of D is again in 9. 


Lemma 1. ®D is dense in By, lS=p<o. 
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Suppose # is an operator of finite rank and that P is a projection of 


‘finite rank such that HP =F. Then for 1=p<o and A, B in D we have 


| H—AB|,S| #P—AB|,S| #—A |2||Bl2+ 4 P—B lle 


) The inequalities follow from (2.12) and (2.13). Now because D is dense 


in B., we see that any operator of finite rank can be approximated in the p-th 


j norm by elements of 2. An application of (2.15) finishes the proof. 


As a corollary we obtain the fact that 1 = p is separable. 
The collection of all measurable operator valued functions on M will be 


| denoted by B(M). 


Lemma 2. If F€ B(M) and E 1s an operator of finite rank, 
t— tr(F(t)£) 
is a measurable function on M. 


There exist vectors 7. in & such that 


n 
gn. 
n=1 


} Thus F(t)E => Epyye,7, and by (2.11), 
n=1 


tr(F(t)E) = (F(t)é), 


n=1 


which implies tr(/'(¢)#) is measurable as a function of ¢. 


Lemma 3. If lS psSo and FE B(M), t-|| F(t)||p ts a measurable 


> function on M. 


Let A belong to @. From (2.13), (2.14), and Lemma 1 we see that 


2.18) || A lp Sup{| tr(AZ)|: D, || 


where 1/p-+-1/qg—1. Replacing A by F(¢) and applying Lemma 2 we see 


} that || F(t)||, is measurable; this follows from the fact that the least upper 
} bound of a countable collection of measurable functions is again measurable. 


Lemma 4. A function F on M to By, 1S p<, is measurable if and 


only if t—>tr(F(t)B) is measurable on M for all B in By (1/p+1/q=—1). 


For every pair of vectors é, y in #4, B= Eg, is in B,; hence FE B(M), 
provided tr(#'(¢)B) is measurable as a function of ¢ for all B in By. 
Conversely, suppose FE B(M). Let BE B,. By (2.13) tr(F(t)B) 


exists and is finite for each ¢ in M. If p—1, 


ich | 
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tr(F(t)B) —lim (F(t) Be,¢,), 


where é,,&,- - *, is any orthonormal basis of #, and is therefore measurable. 
If 1<p<o, there exist, by (2.15), operators H,,H.,- --, of finite rank 
such that || B—£, ||,—20. Thus 


| tr(F(t)B) —tr(F(t)En)| S || F(t) |] B—Nn 0. 


By Lemma 2, tr(F'(¢)£,) is measurable in ¢ for each n, and hence tr(F'(¢)B) 
is also. 

The result just established together with (2.16) shows that a measurable 
function F on M to @, is weakly measurable as a function on M to the 
separable Banach space @,; thus F is also strongly measurable.® 

The proof of Theorem 1 now follows from the preceding lemmas and the 
well known theory * of the Lebesgue integral extended to functions with values 
in a Banach space. 

In proving Theorem 2 it is convenient to establish 


n 
LemMA 5. Suppose fiAi, where f, 1s a measurable numerical | 
i=1 


function on M, fifj—=0, 147, and B. Then forlsp<o, 


and case || F ||, <0, 
(2. 20) =D (Sfilt)dm(t) (tr Ad), 
Since f;(¢)f;(t) =0 (17), 
F |p? =f | F(t) |p? 


3 


=2(f | fi(t) |? dm ) || As 


1 


If | F |, <0, then 
fF = ftr(F(t))dm(t) 
— ftr( fa(t) As) dm (t) 


* For a discussion of these points see Hille and Phillips [15, Chapter 3]. 
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=f 
— (fflt)dm(t) 


Lemma 6. The simple functions vanishing outside compact sets are 
dense in L,(M,B) forlsp<o. 


Let f, g be measurable numerical valued functions on M, and let A, BE B. 
By simple estimates and the preceding lemma we have 


(2.21) | lo lA lo lol lp, 


where lS p<o. Thus if e>0, A€ and if f is the characteristic func- 
tion of a set of finite measure, we can choose a compact set with characteristic 
function g and an operator B of finite rank such that 


(2.22) || fA —gB |lp <e. 


The conclusion of the lemma follows from the fact*® that finite linear com- 
binations of functions of the form fA are dense in L,(M, 8B). 


Lemma 7. If F ts a simple function with compact support there exists 
a simple function S with compact support such that || 8 ||; 1, and 


(2. 23) SFS=||F lo 
where LS=SpSo, 1/p+1/q—1. 


There exist operators A,,---,A, of finite rank and mutually disjoint 
measurable subsets with characteristic functions f,,- - -,f, such that 
Pom 


By (2.14) there exists an operator of finite rank such that || |]; and 
= | A; ll Let 


(2. 24) || F || Ai 
and put 
n 
(2. 25) S= cif Ki. 
4=1 
Then 


fFS=f AB) 


n 


=1 
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lo? As lp? 1. 
Finally, since F has compact support, so does S. 


Proof of Theorem 2. Suppose F, G are measurable. To establish (2. 10) 
we use (2.13) which implies 


Sf (I P(t) lp? dm (t) fl] @ (2) dm (t) ) 


provided ps4oo and go. The other two cases arse treated by similar 
arguments. 

As the case poo is somewhat exceptional and requires separate treat- 
ment, we shall prove (2.9) only for p such that l= p<oo.* Suppose first 
of all that || F |p><.0. By Lemma 6, there exist simple functions F,, F2,: - -, 
with compact supports such that || F—F,|,—0. Choose S, for F, in 
accordance with Lemma 7. By (2.10) FS, is integrable and 


| fFrSn| S| F—Fn 0. 


If || F ||p>—=0, let F, be the product of F and the characteristic function of 
a set of finite measure contained in {¢: || F(¢)||)><-n} and chosen so that 
| Fn llp—oo. Then || F, Thus we can choose a simple function S, 
with compact support contained in the support of F,, such that, || S, ||~S1 
and 


| || F llp| <1/n. 
Then FS, = F,S, and 
| F lp. 


3. Interpolation in the general case. In this section we prove a rather 
general interpolation theorem for operator valued functions. Let ® be a 
complex valued function whose domain contains a strip, «= Rz=f. We 


shall say that © is admissible on the strip if @ is analytic in a< Rz <8, 


continuous in a= Rz= 8, and satisfies the growth condition 


* We do not need the exceptional case » = © in our application. 


Also 
n 
nm 


2. 10) 
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14 (3.1) Sup log | ty)| Cexlul, 
aSc=p 


lwhere C and » are constants depending on ®; we require also that p satisfies 


‘ithe additional condition 


j (3.2) 


If 6,, &, are admissible on a given strip and if v,, v2 are complex numbers 


Jit is easily verified that the combinations v,®, + v2P2, 6,62 are also admissible. 


A complex valued function on a measure space will be called a simple 


| jfunction if it can be expressed as a finite linear combination of characteristic 
| functions of measurable sets of finite measure. 


Now let M,, M. be measure spaces, and let D be a strip, el kzSBP. 


| Suppose B., 2€ D, is a complex valued bilinear form defined for all simple 
functions f:, f2 on M,, Mz. We shall say that the collection {B,} is an 
| admissible family of bilinear forms on D if 


| (3.3) (z) = fe) 


is admissible on D for each pair of simple functions, f,, f. on M,, Mo. 


) We now introduce some notation and terminology which will remain 
fixed throughout this part. 
The strip «<= Rz <8 will be denoted by D and we shall put 


(3.4) y = (1—7)a+ <8, <1. 


i 
We suppose po, 1, Yo Ji are given indices such that 1 = pi, gio, and qo 
or g, 0. The indices p, g are then determined by 


(3.5) 1/p= (1—r)1/po+71/p, 
(3.6) 1/q = + 71/41. 


| The conjugate indices of qo, q1, g will be denoted by qo’, q1’, q’. Fimally, Ao, Ai 
| will denote non-negative functions such that 


(3.8) log Ai(y) = 8S 
With minor changes, the proof of Theorem 1 [20] yields the following 


| convexity principle. 


Lemma 8. Let {B,} be an admissible family of bilinear forms on D, 
and suppose 


| (3.9) | Basiy (fi fe) | S Ao(y) Il fi fe lao’ 


ot 
n S, 
be a 
y | 
| 
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(3. 10) | Besiy (fas fe) | SAs(y) Il fr Il fe lav 


for all simple functions f,,f. on M,,Mz. Then for simple functions f,,f, 
we also have 


(3.11) | By (fr, f2)| S Ar ll fr Il fe Ile 


The constant A, ts gwen explicitly, in terms of the Poisson kernel for the 


strip, by 
log Ar— flog Aol (8—a)y]w(1—z,y) dy 
(3. 12) 
+ f log dy, 
where 


w(r,y) =4sinz/(cosh zy + cosz). 


By a bounded subset of a regular measure space we mean any measurable 
subset of a compact set. Now let NV be an arbitrary measure space. Suppose 
T., z€ D, is a linear transformation from simple functions f on NV to measur- 
able operator valued functions T,(f) = F;o0n M. We shall say that {7;} is an 
admissible family on D if (F.(t)é,7) is locally integrable on M and 


is admissible on D for each choice of vectors é, 7 in #, simple function f on 
N, and bounded subset K of M. 


THEOREM 3. Let N be a measure space, and suppose {T-}, z€ D, is an 


admissible family of linear transformation from simple functions f on N to | 
measurable operator valued functions T.(f)=F, on M. Suppose further | 


that the following two conditions are satisfied for each simple function f. 


(3. 14) (Ff) lao S Ao(y) Il F 
(3. 15) Il (Ff) S Ar (y) Ilo. 
Then it is also true that 

(3. 16) Ty (Ff) le SAr 


In proving the theorem it is convenient to establish the following lemma. 


Lemma 9. If {T,}, 2€ D, is an admissible family and S is a simple 
operator valued function on M which vanishes outside a compact set in M. 
Then tr F,(t)S8(t) is integrable and 
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}(3.17) (2) ftrF.(t)S(t) dm(t) 

is admissible on D for each simple f on N. 

| Suppose first that S = kH¢, where k is the characteristic function of a 

— set. Then 

tr F,(t) S(t) = k(t) (F.(t)é), 

jand the result follows by assumption. The general case follows by linearity. 

| Proof of the theorem. Our assumptions imply go." Thus to show 

ithat 

Il Ty (f) le SAr ll 

‘it suffices, in view of Theorem 2, to show that 

18) | fir P,(t)8(t) dm(t)| S lle 

for each simple function S vanishing outside a compact set. 

The idea of the proof is to reduce this problem to one concerning an 

admissible family of bilinear forms. We shall then apply Lemma 8 to 
_jcomplete the argument. 

Suppose then that 8 is a simple function with compact support. We can 
jexpress S as Shbo where k,,k2,- - -,k, are the characteristic functions of 

imutually disjoint bounded subsets K; and each FH; is an operator of finite 
| jrank, Now let H;,—U;|H;| be the canonical polar decomposition of Fi, 
jand let 


le 


Ie the spectral decomposition of |#,|. The pairs of indices i,j will then 
— over a finite set which we shall call M,. To each complex valued function 
19 = {93} defined on M, we associate an operator valued function G on M 
which is given by 


{ 


|(3.20) G(t) —dhi(t) 


IThen G is a simple function with compact support, and by an elementary 
computation we get 


(3.21) G*(t)G(t) = gu |* Py 


: * The case g = © could be dealt with by a more involved argument. 
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Now for 1S p<o, || which implies 
(3. 22) IG (2 | gas |? || lly?) *”. 


Since || &;||p? is independent of p being, in fact, equal to the measure of K,, 
we can introduce a measure in M, relative to which ||g|p>—||Gllp. We 
observe that this relation is also valid for poo. Because the maps f—F, 
g—G are linear it follows that the equation 


(3. 23) B.(f,g) = ftr(Fe(t) G(t) )dm(t) 


defines a bilinear form for each z in D. In this formula f is an arbitrary 
simple function on M,—WN, and g is any complex valued, obviously simple, 
function on M,. By Lemma 9, in particular by (3.17), {B,} is an admissible 
family on D. Now 


| Bosty(fs9) | S || S |] Pasty 


and using (3.14) we get 


(3.24) | Basiy(f,9) | S Ao(y) ll g 
By similar estimates we obtain 
(3. 25) | If lev 


Thus by Lemma 8, | B,(f,g)|SA-||f Ilp le. As this holds for all 
we may take g= {Xj}. Then G=S and 


(3. 26) By(f,g) = Str Fy(t)S(t)dm(t), 
which implies (3.18). 


4, The main interpolation theorem. In order to prove our results for 
the 2 X 2 real unimodular group, we use, in addition to facts about the group 
and its representations, certain convexity arguments. The basic and most 
important fact along these lines is established in this section; with the intent 
of clarifying the situation, we have presented it in a slightly more general 
form than our application requires. 

An operator valued function F defined on an open strip, % < Rs < Bo, in 
the complex s-plane is said to be analytic if (¥(s)é,7) is analytic for all 1 
in #. We shall say that F is of admissible growth in the strip if 


(4.1) sup log | pp a). 


r 
THEOREM 4. Let N be a measure space and T be a linear map fron 
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simple functions on N to analytic operator valued functions such that § =Tf 
| is of admissible growth on the strip a < Rs < Bo for each simple function f. 


Suppose that for a<a<B< By we have 


<t<o 


for all simple f, where a, b, c are realanda=0. Then we may conclude 


ple, 
| where 1<p<2, 1/p+1/q—1, y=a+7(B—a), d=c+r(a+b—c), 
| and the parameter + 1s determined by 1/p=1—7/2. 


Remarks. Before we prove the theorem, we notice that the result (4. 4) 
is intermediate—in the sense of Riesz-Thorin convexity—between the hypo- 


| | theses (4.2) and (4.3). It should be noted that the singularity at t= 0 of 


20(1-+|¢|)?’dt does not persist in the conclusion; only the 
a for ¢ near infinity remains. 
The proof given below could be generalized in several directions. We may 


the measure | ¢ 


| begin with a general pair of indices (po, qo), (1,91) instead of (1,00) and 


(2,2). We might also consider more general measures than those of the 
)?> dt given above. We shall not consider these generaliza- 


tions here. 
It should be pointed out that the proof given below would be much 
simpler if a, b, and c were zero. In that case the left-hand sides of (4.2) 


_ and (4.3) would be translation invariant in ¢. Since the basic method of 


the proof consists of translation along vertical lines of the strip, we are forced 


| to overcome the lack of translation invariance by somewhat complicated 
| devices. 


At several points in the proof it will be convenient to refer to the easily 
verified result given below: 


Lemma 10. I[f v is real and §>0, there exists a constant A >0 such 
that 


(4.5) (8+ ly lel) 
for—wo<y,t<o. 


Proof of the theorem. We shall obtain the result as a consequence of 
Theorem 3. To do this we set M = (—o, o) and put 
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(4. 5) dm = (1+ | dt, 
where dt is Lebesgue measure. Given a simple function f on N we form 
F =Tf and set 

(4.6) F(t) =F (2 + it) | + it)2 | 

(4 

fora=Rz=Bf. Since a=0, we may choose a single valued branch of the | (2 
factor (z—B-+1t)* which is analytic in and continuous on 
@=Rz=f. Thus (F,(t)é,7) is analytic in z for each ¢ and is jointly 
continuous in 2, ¢ for all vectors €, y in &. Furthermore, the transformation 
T, defined by T,(f) =F, is linear and maps simple functions on N to measur- 
able operator valued functions on MV. He 


We shall now estimate || F,(¢)||.. By (4.6) and the condition (4.1) 
that F is of admissible growth in «= Rz= 8, we find, 


Hence, 
log || Fe(t) + log(1 + | + log(1 + | log A. 


This estimate together with the above implies the condition (3.13) that {T.} wh 
be an admissible family. Now, for z—=«a- iy we find, using (4.2), (4.7), 


that 

| oS ANF (a+i(y +4) y 

Thus by Lemma 10, we obtain (4.8). 
(4.8) lo SACL + | y 

Next we shall estimate || 7's.i,(f) We have, 

Now making use of (4.3), we obtain ‘ 
Il 


S (4:0 f sup + 


| 
wl 


—— 
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by Lemma 10, 


(4.9) | Fasty SA(1+ y |)" Uf le. 

Having (4.8) and (4.9) we can apply Theorem 3 and conclude that 

(4.10) Il Ty (Ff) la S Ar | 

Now 

< If lot. 

Hence 


Since rq = 2, 
| 


qd=gce+qr(atb—c) 
iThus 


which proves the theorem. 


5. Uniformly bounded representations. We now consider the group 
1G of 2 X 2 real unimodular matrices, and we first recall some of the known 


dfacts concerning the representations of G. 


| We represent an element g€ G, by 
a b 
al? ad— bc =1, 


and denote by g(x) the fractional linear transformation 


g(x) = 


(5.1) (9192) (2) = 92(932) 


4 


| and = (bx +-d)-*, bx + dS0. 


We now introduce two “ 


(5.2) $°(9,0,8) =| be +d 
(5.3) (9, 2,8) =sgn(bx + d)d*(g, 2,8), 


multipliers” ¢* and ¢. These are defined by 


28-2 


Where s is an arbitrary complex number. 
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Next we consider the “ multiplier representations ” 


gv (9,8) 
given for functions f on the real axis by 
(5. 4) v*(g,8): f(z) > 


From these, one may obtain the irreducible unitary representations of G. 
They fall into three classes.*® 


a) The two continuous principal series 
g—v*(g,1/2 + 1), —nct<o, 


where the Hilbert space is the space L, of square integrable functions on 
—o< «<0, with the usual measure. 


b) The complementary series 


The Hilbert space, in this case, is defined by the inner product 


(5.5) ff F(e)h(y) |e—y |** dedy, 
where do =I (2c) cos(o7) /z. 
c) The two discrete series, 
g D*(9,k), k—=0,1,2,° °°. 


We shall not need the exact form of these representations. 

The Plancherel formula for G was derived by Harish-Chandra [13]. It 
involves representations of type a) and c) and not of type b). To state it 
we make the usual definition 


for uniformly bounded representations g>U(g) and f in L,(G@). Using 
this notation the Plancherel formula asserts that, whenever f € L,(@) N L2(4), 


f v(f, 1/2 + it) tanh wt dé 


+1/2 fii v-(f,1/2 + it) tcoth wt dt 


* Except for notation, these representations are those of Bargmann [1]; the dif 
ference of notation is discussed more fully in the proof of Theorem 10 in § 11. 
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+ (k+1/2) 


+ + 1), 


Here ||- ||. means the usual Hilbert-Schmidt norm for operators as used 
in § 2 above. 
One of our main results is contained in the following theorem. 


~ 


THEOREM 5. There exists a separable Hilbert space #9 and represen- 
tations 


g U*(9,8) 
of G on & with the following properties: 


1) g—U*(g,s) ts a continuous representation of G on & for each 
complex s in the strip 0 < R(s) <1. 


2) g—>U*(g,1/2 +t) ts unitarily equivalent to the representation 
g—v*(g,1/2 + it) of the continuous principal series defined above. 


3) is unitarily equivalent to the represen- 
tation g—>v*(g,0) of the complementary series. 


4) If € and y are two vectors in HM, then the functions 
s—> (U*(g.8)é&n). fixed, 
are analytic in 0< Rs <1. 
5) sup | U"(g.8) eS Ao(1 + | 
s=o0+1t, O0<ao<1.° Furthermore, the constant Ao is bounded on any 
interval of the form 1. 


It is known that for each ¢, the representations v*(-,1/2-+ it) and 
v(+,1/2—dt) are unitarily equivalent. Hence the same fact holds for the 
representations U*(-,1/2-+ it) and U*(-,1/2—it). 

As the next theorem shows, these equivalences are to some extent already 
inherent in the “analytic structure” of the representations g— U*(g,s) ; 
the theorem also describes some adidtional, and rather interesting, relations 
among the representations U*(-,s). 


THEOREM 6. The following symmetries exist: 


* As in § 2, the ordinary bound of an operator A is denoted by || A |jx. 
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1) The representations U*(-,s) and U*(-,1—S) are contragredient. 
Similarly, U-(-,s) and U-(-,1—S) are contragredient. 
2) Ut(-,s) =U*(-,1—s). Hence U*(-,s) and U*(:,5) are also 
contragredient. 
3) There exists a fixed non-scalar unitary operator S such that for all 
sin0< Rs <1, 
SU-(-,s)S?=U-(-,1—s). 


Thus U(-,5) is unitarily equivalent to the contragredient of U-(-,s). 


Remarks. (i) It should be observed that the known result [1] concerning 
the reducibility of the representation U-(-,1/2) is implied by 3). 


(ii) The representations U*(-,s) for sA1/2+ and so are uni- 
tarily equivalent to representations introduced by Mautner and Ehrenpreis 
[5]. These they show are not equivalent to unitary ones. They also assert 
that the representations are uniformly bounded. However, the more definite 
statement contained in 5) of Theorem 5 is crucial for our purposes. 


(iii) The proof of Theorem 5 is lengthy and requires some vigorous 
classical Fourier analysis. This is contained in §6, which is, for the most 
part, somewhat technical. At first reading the reader may prefer to pass 


on to §7. 


6. Some lemmas from Fourier analysis. We shall begin by introducing 
a class of Hilbert spaces, which will be seen? to be related to the Ly spaces 
via the Fourier transform. These spaces Mo, are indexed by a parameter 
0<o <1, and are given by the norm 


20-1 dx), 


(6.1) |Flo—(f 
The spaces &Mo,, Ho, corresponding to any pair of indices o,, v2, such that 
0 <o;, 2 <1, are naturally related by a family of unitaries which we shall 
now exhibit. Let s; =o, + it, and s, —o, + it, where —o < t,, tp <0. Now 
let W(s,, 52) be the mapping with the domain given by 


(6.2) F(x) > F(a) | |*#, FE 


*° Although many of the results of this section are probably known, they do not 
seem to be accessible in the literature in the manner in which we need them. 
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Then 
| f F(2) 


9 


2(01-G2) | dz F | 


This fact together with (6.2) shows that W(ss,s,) is the inverse of W (sj, sz). 

In what follows, we shall be mainly concerned with the pair of spaces 
%, and #,c. For the sake of convenience we shall set W,—=W(s,1—s). 
The mapping We is of particular interest because it implements a duality 
between Ho and &,-«. In order to make this statement precise, we shall 
introduce some additional notation. Throughout this section and the one 
that follows, it will frequently be convenient to put 


(6.3) (F, @) — F(a) 


This notation will be used with the understanding that F,G are measurable 
complex valued functions defined on —o << a2 <o such that FG is integrable. 
The inner product in A> will be denoted by (-,-*)o, and we shall sometimes 


set 1—o =o’. 

11. Jf FE Ho and GE Ha, 0<o <1, then 
(6.4) (Wof, G)o = (F,G) = (F, 
(6.5) \(F,@)| SIF loll @ 
Furthermore, if A is a bounded operator on Ho, the operator 
(6.6) A’ = WoA* Wo", 


where A* is the (Hilbert space) adjoint of A is characterized as the unique 
bounded operator on Ma such that 


(6. 7) (A(F),@) = (F,A’(G)) 
for all F in Ho and all G in Ho. 


To prove (6.4) we first observe that 207—1—1—2c. Thus 


1-2¢ dz 


(WoP, G)o— 


(F, WaG)c. 
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Now, by Schwartz’s inequality, 
| (F, @)| S || WoF || llo-, 


and (6.5) follows from the fact that Wo is an isometry. Suppose A is a 
bounded operator on &#o, and that F€ Ho, GE Ha. By (6.4), the fact that 
Wo preserves inner products, and a second application of (6.4) we find that 


(A(F),@) = (A(F), WoG)o 
= (F,A*Wo-G)o= (WoF, WoA*WoG)o: 
= (F, WeA*WoG). 


Thus (6.7) is satisfied by the operator A’—=WoA*Wo'. That A’ is the 
unique operator with this property follows from the easily established fact 
that, G€ Ho and (F, G) =0 for all F€ Mo implies G(x) —0a.e. It should 
also be observed that (A’)’ =A. 

In addition to the &%o spaces we shall consider the Ly, spaces, 1S p <a, 
of functions f defined on —o <x <oo and normed by 


Iflo—(f 


Since the parameter o ranges between 0 and 1 and 1=p<o there should 
be no confusion between the norms ||-||c, and ||- |lp. 

For a function f defined on—o<2<oo, the Fourier transform F is 
defined by 


(6.6) (2) (2n)9 f(y)dy 


and the inverse Fourier transform is given by 
5 


(6.7) f(z) = “ets F(y) dy. 


Here and throughout this section we shall adhere to the following ¢on- 
vention. Pairs of functions which are related to each other by either (6.6) 
or (6.7) will be denoted by corresponding lowercase and capital letters such 
as f,F or g,G. Furthermore, we take for granted such standard facts as 
the Plancherel theorem, and the sense in which these transforms exist for 
functions in 1S pS 2, as well as the equivalence of (6.6) with (6.7%) 
under suitable restrictions on f or F. (See e.g. [21]). To be more specific. 
we shall make use of two well known results on LZ, transforms, a theorem 
of Titchmarsh (the so-called Hausdorff-Young theorem), and the Parseval 


formula for L,,L,. These results may be stated as follows: 


sa 
hat 
hat 


uld 


REAL UNIMODULAR GROUP. 25 
Lemma 12. If f,@€L,, 1S pS2, and their Fourier transforms F,g 
are given by (6.6), (6.7%), then 
a) IF lf lo 
b) Ig leSAlG |p, 
where 1/p+1/q=—1, and 
¢) (f,9) = @). 


Now the relation between the LZ, spaces and the Mo spaces mentioned 
earlier is contained in the following lemma. 


Lemma 13. Let f€ Ly, 1< and let F denote tts Fourier trans- 


form (6.6). Let o=1—1/p. Then0<oS1/2, FE Ho, and 
(6.8) || F Ao | f 1<ps?. 


The class of F € Ho which are Fourier transforms of f € Lp ts dense in 

Analogously, let F€ Mo, 1/2S0<1, and let c=1—1/p. Then 
2 p<o, the inverse transform (6.7) exists in Lp norm, and 


If lp S Ac | F lle, 1/2So<l. 


Consider first the case 1<p=2. By a theorem of Hardy and Little- 
wood (see [11], p. 375), 


( if |F(x) |? | |? ? dx)? f 1< ps2. 
Now, 


) dx) 1/p, 


by Holder’s inequality. Furthermore, (2e2—1)p—p—2. Thus using the 


inequalities of Titchmarsh (Lemma 12) and Hardy and Littlewood we obtain 


|| lo? SAp | f lle’, l<pS?. 
This proves (6.8). 

If F is the characteristic function of a finite interval, then f given by 
(6.7%) isin Ly for all p>1. Hence finite linear combinations of characteristic 
functions of finite intervals are contained among the Fourier transforms 
(6.6) of f€ Ly. Therefore the image of 1 <p 2, under the Fourier 
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transform is dense in the corresponding space Mo, c—=1—1/p. This con- 
cludes the consideration of the case 1 < p= 2. 

The second part of the lemma, which deals with the case 1/2 So <1, 
2=p<o, follows from the first part by duality. We shall briefly indicate 
the argument. Put 0’ =1—o. Then o’ =1—1/p’, where 1/p+1/p’=1 
and1<p’=2. By Lemma 11, Ho and Mo are dual and it is well known 
that L, and L, are dual. The second part of the lemma then follows upon 
identifying (6.7) with the adjoint of (6.6) considered as a mapping from 
Ly to Ho: (properly speaking, this can be done only on a dense subset of #<). 


Lemma 14. Let 


K(F) (2) |1—|a/y|*| F(y)ay. 


Then 
f | K(F) (2) | F(x) |? dx 
if —1/2<a<1/2. 


This lemma is known. The proof follows easily from Theorem 319 of [12]. 
There, a more general theorem on integral operators whose kernels are homo- 
geneous of degree —1 is given. 

The main discussion of this section is contained in the lemma below. 
We shall deal with operators acting on &o. It will be convenient, however, 
to specify the action of these operators by exhibiting their action on the Fourier 
transforms of the functions in question. 

Thus we consider the multiplication operators 


(6.9) m,*: f(x) >| x |?#* f(z) 
(6.10) f(x) > sgn(x)| f(z). 


Now if F is the Fourier transform of f€ Z, L., we shall denote the 
Fourier transforms of m;*(f), m:(f) by Mr(P). 

It will also be convenient to introduce the following class D of functions: 
Fe QD if F is C® and vanishes in a neighborhood of zero and outside a 
compact set. Clearly D is dense in each Mo, O0<o<1. Furthermore, 
D is contained in the image of LZ, L, under the Fourier transform, (6.6). 


Lemma 15. If F¢€ D, then M;*(F) € Ho for each o such that0 <<a <1. 
and the transformations 


FoMs(F), FED 


have unique bounded extensions to all of Hc. 
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The extensions, which will also be denoted by M;*, My are unitary on &, 
and, in general, the bound, || M;* ||c of M;* considered as an operator on Ho 


satisfies 


(6.11) | Mi? Ao(1 + | 


Since the restrictions of m;*, me to Lp), 1S p<, map Ly isometrically 
onto Ly, the Plancherel theorem implies that M,* extend to unitary operators 
on 

To treat the case o41/2, one would like to express M,;* and M; as 
integral operators of convolution type. However, the kernels in question are 
not locally integrable, and we must therefore proceed rather indirectly. 

We introduce the transformation 


mf: f(x) >| f(z), 0<e< 1/2, 


which maps Lz into LyN 

Putting F for the Fourier transform (6.6) of f€ 2, L., we denote the 
Fourier transform of m;£(f) by Mi£(F). Now let FED. Since F is the 
Fourier transform of an f€ ZL, L2, we can form M;£(F), and, as is easily 
verified, by the Plancherel theorem, 


(6.12) | —M;*(F) 0, as «> 0. 
Next, we claim that 
(6.13) Ms(F) fF(y)|2—y dy 
for F in D, where = 
= AT (1 —e + cos[a/2(1—e 2it) J. 
This follows from the fact [2, p. 43] that the Fourier transform of 


e->|2| | b>0 
is 
(6.14) (24) it) [ (bf 4 (b— 


This converges to 


11 The following observations may help clarify the situation. When ¢=0, M,* 
reduces to the identity transform. This may be regarded as convolution by the Dirac 
kernel. When ¢t = 0, M,- reduces to the so-called “ Hilbert transform,” which apart 
from a constant factor may be viewed as a convolution by the function 1/z. In this 
case our result was proved by Hardy and Littlewood [11], whose argument we extend 
to the general case. 
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as b—> 0*, and is bounded by A | z |**, with A independent of b. Now (6.13) 

follows by standard convergence theorems and the Plancherel theorem. 
Together with D, consider G(x) =|2|*4F (x). Since and 

vanishes in a neighborhood of zero and outside of a compact set, the same 

may be said of G(x). Thus we may apply formula (6.10) to @ as well. 

Call 

(6. 16) A(x) = Mé(@) (x) —| 2 (2). 


Then by (6.13), 
(6.17) fil y 4F(y) —| 2 (y)] | dy. 


It is easy to verfy, (by the Lebesgue dominated convergence theorem) 


that 
(6.18) || Ae(z) —Ao(z) |]2 0, as 0, (FED). 

If we use (6.12) with G in place of F, (6.18) and (6.16), we obtain 
(6.19) | (F) eS Mit (G@) + Ao(z) 


As has already been noted 


while 
|G | | F F lo, 
and 
| |v (F) |], = | Mt (F) 


Substituting the above in (6.19) leads to 
(6. 20) (F) lo S || F lo + | Ao(z) 


It remains therefore to estimate || Ay(z) ||. Recalling (6.17) we have 
Ao(z) f | y — |x (y) |-2-24 dy 


We now apply Lemma 14, with « = o«— 4, and with | y |*-4F (y) in place 
of F(y). We then have 


|| 2S Ao | aoe | | (x) Ao | | || F(z) 


However 


= (1/7) + 2it) cos + 2it). 


vell, 


m) 
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Hence by well-known estimates in the theory of the T function, see [22], 
p. 151, it follows that 
| | SA(1+|¢])4 


Combining this with the above we obtain: 

|| S Ao(1 + | F lle. 
Together with (6.20), this implies 

| Mi (PF) lo SAo(1 +] Fo. 
This was our desired result for M,*. 


The proof for M;- is very similar. The only change that occurs is that 
we use the fact that the Fourier transform of sgn(z)| x |-*?## is 


(27) sgn (x) | x 
where 
ber = (1/7) (1 —e + sin 1—e + 
This concludes the proof of the lemma. 


LeMMA 16. The estimates for M;* and M,; may be strengthened as 
follows. Let «> 0, then 


oS Ao e(1+ | t |) 0<e<1, 
with Ag, independent of t. 


Proof. Let us consider M;*, and assume that 4 =o <1; the other cases 
are treated analogously. We have already noted that M;* is unitary on S;. 
Thus we have 


(6.21) (J [ae 


By the lemma we have just proved, we have, if 4. <1, 


(6.22) +O 


Notice that the above inequalities are of the same nature, except for the 
weight functions which determine the measures in question. 

Now it is possible to “interpolate” between these two inequalities, and 
obtain intermediate ones from them. Of course we have already used many 


13) 
and 
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variants of this type of argument in §3 and §4 above. The particular 
theorem we need is contained in [20], (Theorem 2). To apply it we argue 
as follows: 

Choose oo, so that o<.a) <1. We may then write 


20 — 1 = (1— 8) + 6(20)—1) =0(20,—1), 


with 0<@<1. Notice that in the above, when and 
when 61. The result of applying Theorem 2 of [20] is 


dz) 


Cf 


However, 


§ = (26 —1)/(2ce.—1). 


Thus we choose oy close enough to 1 so that 6=(20—1)(1-+.«). Hence the 
result becomes 


20-1 dy) 


S 1+ | | 2 


Our lemma is therefore proved. 


Remark. We observe that the above proof yields the inequality 


A simple argument then allows us to deduce the following fact: The 
constant Aco which appears in (6.11) may be taken to be uniformly bounded 
in every closed subinterval of o lying in0<oa<1. 

This observation will be of use later. 


CHAPTER II. Unitrormity BounpDED REPRESENTATIONS. 


7. Proofs of Theorem 5 and Theorem 6. Before presenting the details 
of the argument, we shall briefly discuss the main steps involved in the con- 
struction of the representations g — U*(g,s). 

Our representations are constructed on the space from repre- 
sentations g—> V*(g,s) on s—=a-+it. The operators U*(g,s) and 
V*(g,s) are related by 


*2 For the definition of the Hilbert space #¢ see (6.1). 
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(7.1) U*(g,8) W(s,4)V°(g,8) W (4,8), 


lwhere W(s,4) is the unitary transformation (6.2) of Mo onto H,;. The 
representations g—> V*(g,4-+-it) are obtained by simply transferring the 
jrepresentations g—> v*(g,$-+ tt) of the continuous principal series from Lz 
‘to %;, by means of the Fourier transform. We also obtain the operators 
'V:(g,8), 0< Rs <4, via the Fourier transform in a similar, but technically 
more involved, fashion from the representations g—>v*(g,s). To define the 
joperators V*(g,s) for } << R(s) <1 it is convenient to extend the notation 
io ‘—1—go to complex s with 0< Rs <1 by setting s’—1—S; the trans- 
‘formation s—s’ is then simply reflection about the line c=}. Now the 
representation corresponding to an s with }< Rs <1 is defined to be the 


|contragredient of the representation corresponding to s’. Thus we put** 
0. 2) V*(9,8) =[Vi(97 8), 

ult follows that 

j(7.3) 


it will be shown in the course of the proof that the apparently arbitrary 
definition (7.2) is the natural one to make. 


As a first step in the proof we shall establish the following lemma. 
Lemma 17. The multipliers $* given by (5.2), (5.3) satisfy 

$*(9, 2,8) = $°(9,2,5), 

b) (912, = $* (91, 8) (Ga, 91%, 8), 

(9, 8) dg (x) /dz = $*(g*, z,1—). 


The first relation, a) is immediate, b) is essentially a consequence of 
lhe chain rule for derivatives applied to (5.1), and ec) follows by simple 
}computations from b) upon setting and g,—g". 


As the following lemma shows, it is natural to restrict s so that 
Rr<i. 


Lemma 18. Suppose s=o- it, where0OSoX1. Then for each G, 


the operators v*(g,s) are isometric on Ly, where p= (1—o)". 


Since the case p=oo is easily verified, we shall suppose 1S p<o. 
Making the transformation g(x) we find that 


“Tf A is an operator on #¢, A’ is the operator on #0’ given by (6.6) and (6.7). 


Fy 
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fi f(x) br + dl-*| f(g(x)) |? de. 


Now | v*(g, s)f(x)|? = | ba + d | f(g(x))|?, and since (2o—2)p—=—2 
it follows that || v*(g,s)f lp>= || f llp- 

It is interesting to observe that when p= (1—a)~ its conjugate index 
p’ is given by p’=(1—o’)-. Thus the operators v*(g,s) and v*(g,s’) give 


rise to a pair of isometric representations of G on Ly, Ly where p= (1—o)"f 


and s—=o- it. Moveover, as the following lemma shows, these representations 
are contragredient. 


Lemma 19. Let s=o+it and p=(1—a)", 0<a0<1. Then for 
any G, f€ Ly, and hE Ly, 


(7.4) (v*(g,8)f,h) = (f,0°(97, 8’)h). 


To prove this we make the transformation x— g(a) and find that 


— (dg (2) /de) dr. 
Thus, by c) of Lemma 17, 


(v*(g,8)f,h) = f 1—s)h de, 
and now part a) of the same lemma shows that 


(v°(9,8)f,h) = 
We now consider the representation spaces Ho of the complementary 


series. These spaces are described in the following lemma.** 


LeMMA 20. Let 0<o0<} and p=(1—co)*. Then the inner produc 
(5.5) is well defined for f in Ly, and the completion Heo of Ly with respect 
to the norm ||f lo? =(f,f)o ts unitarily equivalent to Ho via a mapping 
which coincides with the Fourier transform on Lp. 


To prove this, suppose first that f€ L, LZ, and that F is its Fourier 
transform. By (6.14), which is valid for 0 <<«< 1, and the dominated con- 
vergence theorem we obtain 


14 Lemmas 20, 21, and 22 are essentially restatements of known facts. 
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By Lemma 13 the left side of (7.5) is finite for f € Lp, and by simple approxi- 
mation arguments, it follows that the right side of (7.5) exists and equals 
‘the left side for all f in Ly. This shows that the formula (5.5) defines an 
inner product on Ly. Now observe that the Fourier transform of Ly), 1 < pS 2, 
" includes the characteristics functions of finite intervals and their linear com- 
binations. This observation together with (7.5) establishes the final state- 
‘ment of the lemma and concludes the proof. 


As a consequence of Lemma 18 and Lemma 20, we obtain the fact that 
the representations g—>v*(g,s) are defined on a dense linear subset of Ho, 
0<oa<4. Moreover, as the following lemma shows, the operators v*(g,o) 
extend uniquely to unitary operators on Ho. 


LemMA 21. Let and Then for f in Lp, 
(7.6) llo= | f lle. 


In proving this, we use the fact that 


—g(y) = (e—y) (bt + d)* (by + 4), 
Then making the trans- 


which follows by straightforward computation. 
formations x—> g(x) and y—>g(y) we see that 


| bx + d | by + d de dy 
| v*(9, o)f Ilo”. 


Next we shall show that there exists a uniform bound independent of g 
for the operators v*(g,s) in Ho; s=o+ it, O0<o<}. In doing this, we 
consider the lower triangular subgroup of G@ consisting of elements g of the 


form 
0 
j= [ » 


We make essential use of the fact that there are only two distinct double 
cosets of G modulo this subgroup. To be explicit, we introduce the group 
element 


(7.7) 


and prove the following result. 
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Lemma 22. If g€ G and is not lower triangular, there exist lower tri. 
angular group elements g, and gz such that 


(7.8) = 91)92- 


We prove this by exhibiting such a decomposition. If g€ G and is not 
lower triangular we may write 


a b 


Then as is easily verified 


4 


In view of this result and the fact that v*(g.g2,s) = v*(g1,8)v*(go,s) for 
all g:,92 in G, it is natural to consider the operators, v*(g,s), first for g in 
the lower triangular subgroup and then for g =7. 


Lemma 23. Let s=o+it, where0<ao<} and —w<t<o. Then 


1) «if g ts lower triangular, v*(g,s) has a unique unitary extension to 
all of Ha, and*® 


2) |] lo SAo(1+ | 


In proving 1), we suppose that g -|* a] ,aA~0. Then by definition 


(7.9) v*(g,8): f(z) >| a |***f(a-*2 + atc), 

and v-(g,s) =sgn(a)v*(g,s). Furthermore, vt(g,s) =| a |#tut(g,c) ; these 
relations together with Lemma 21 establish part 1). Turning now to the 
operators v*(j,s) we find that 


(7.10) (7,8): f(x) >| 2 |**f(—1/2), 

(7.11) v-(j,s): f(x) > sgn(x) | x |?*?*f(—1/z). 

Now with the aid of the operators m;* and m;- given by (6.9) and (6.10) 
we can write v*(j,s) = m;*v*(j,o0) and v-(j,s) Since v*(j,c) 
has a unitary extension, it follows that the bounds of the operators v*(j,s) 
are exactly the bounds of m;*, m;-, considered as acting in Ho. Now using 


the fact that Ho is unitarily equivalent to Ho and the definitions of M;,*, My 
we obtain 2) as a consequence of Lemma 15. 


7° The symbol ||-||¢ designates the bound of the operator on #¢. 
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Finally, using Lemma 22 and Lemma 23, we find that 


(7.12) sup || 
g 


Because of (7.12) we may, and shall from now on, assume that the operators 
v*(g,8) are everywhere defined on Ho. 

Since He and Mz are unitarily equivalent we may transfer the represen- 
tations g—> v*(g,s) to Ho and obtain equivalent representations g > V*(g, s). 
The operators V*(g,s) are obtained as follows: Let Tc, 0<a0 < }, be the 
unitary transformation from Ho to Ho that coincides with the Fourier trans- 
form (6.6) on Ly, p—=(1—c). In addition let J, be the Fourier trans- 
form restricted to L.; we note that J. is unitary between DL, and #;. We 
now define V*(g,s) for s=o-+it by 


V*(g,8) = Jov* (9,8) 0 <oSh. 
From (7.12) and the definitions (7.13), (7.2) we obtain the bounds 
(7. 14) Sup || V*(g,8) Jo SAc(1+ 
9g 


This result together with (7.1) implies 
(7.15) Sup || U*(g,s) |lo S Ao(1+ | 
g 


Moreover, as the remark at the end of §6 states, we may assume Ao is 
bounded on any closed subinterval of (0,1). Hence we have proved 5) of 
Theorem 5, and conclusions 2) and 3) follow from (7.13). 

To show that (7.2) is a natural definition we consider once again the 
class of functions D introduced in §6. Recall that FE D if F is C® and 
vanishes in a neighborhood of zero and outside a compact set. 


LemMA 24. Suppose F,H€®D and that f,h are their Fourier trans- 
forms. Then for all s in the strip 0 < Rs <1, 


(7. 16) (v*(9,8)f,h) = (V*(g,8)F,H). 


To prove this we suppose first of all that 0 < Rs = 4. Then f, v*(g, s)f € Lp, 
p=(1—co)*, and 1<p=2. Our result, (7.6), now follows from the 
definition of V*(g,s)F and the Parseval formula for L», Ly’, which is stated 
in Lemma 12. In case } << Rs <1, V*(g,s) =[V*(g",s’)]’. Thus 


(9,8) F, H) = (F, V*(g,8’)H.) 
By the result just established, 
(P, s’)H) (f, v*(g*,s’)h). 
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Now applying Lemma 19, we see that 


)h) = (v* (9,8) 
Thus (7.16) also hoids for 4 < Rs <1, and hence for all s n0< Rs <1. 
To prove that the representations g—>U*(g,s), defined by (7.1), are 
continuous, it suffices to prove that the representations g > V*(g,s) are; and 
for this, it is sufficient by (7.2) to consider the case 0< Rs}. Now iff 
is continuous and has compact support, it may be shown that for bounded 
functions h, 


as g—>e, e being the identity in G. Because the representations g — v*(g, 3), 
0< Rs =}, are uniformly bounded on Ho this is sufficient to insure their 
continuity. Hence the equivalent representations g—> V*(g,s) are also con- 
tinuous. 

It remains to prove conclusion 4) which refers to the analyticity of the 
operators U*(g,s). For this purpose we prove a result which has some 
interest in its own right. 


Lemma 25. If g is a lower triangular matriz in G the operators U*(q,s) 
are independent of s,0< Rs <1. 


a0, 


and choose F€ Ho. It then follows from (7.9) and well known properties 
of the Fourier transform that 


Let 


(7.17) V*(g,s): F(x) | a 


We also obtain the relation V-(g,s) =sgn(a)V*(g,s). Starting now with 
Fe &, we have by definition that 


U*(g,s)F = W(s, 4) V*(g,s)W(4,s)F. 
Hence by (7.17), 
V*(g,s)W (4,8): F(x) — | a | 
and applying W(s,4) we get 
(7.18) U*(g,s): F(x) — |a| 
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: Similarly, we obtain the relation U-(g,s) =sgn(a)U*(g,s). Thus we have 
| proved the lemma. 


This result shows that the inner products (U*(g,s)&é,y) are constant as 


| functions of s, and hence analytic, for any fixed lower triangular g¢ G. Now 
| if g is not lower triangular, it has a decomposition g = gijg2 of the type (7.8). 


| Since 


U*(g,8) = U* (gi, 8) U*(j, 8) U* (ge, 8), 


' where U*(gi,s), i=1,2, are independent of s and have bounded inverses, it 


is sufficient to show that (U*(j,s)&,7) is analytic in s for each pair of vectors 
é& » in &. Recall the uniform bound, (7.15) for the representations 


| qg—2U*(g,s). Since the constant Ac which appears is bounded as a function 
/of o over any closed subinterval of (0,1), it is sufficient to prove that 


(U*(j,s)& 7) is analytic for a dense collection of vectors in #. Choose this 
collection to be the set D of functions which are C® and vanish in a neighbor- 
hood of zero, and outside a compact set. Pick =F and »—dH in 9D. 
Let =| |*8F (x) and put 


H,(x) =| (2). 
It is then easily verified that 
(U*(j,8)& = (V*(j, 8) Fe, Ha). 


Denote the Fourier transforms of Ff, H, by fs, hs. Then as F,, H, belong to 
), Lemma 24 applies, and we see that 


(U*(j,8)& 9) = (v* (7,8) fas 


Now using (7.10), (7.11) we obtain 


28-2 f,(—1/x)h,(x) dz. 


(7.19) (U*(i,8)n) = f 


Since 


and in view of the various restriction on F, we may conclude that f,(z) has 
the following properties: it is jointly continuous as a function of z and s; 
it is analytic in s for each fixed x; and if s is restricted to any compact 
subset of the strip, 0< Rs <1, f,(x) decreases as | x | —oo as fast as any 


negative power of |x|. Since 
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— (22) fe |y AT) dy 


it has the same properties. It is now a very straightforward matter that 
(7.19), (7.20) can be obtained as uniform limits of functions analytic in s, 
Hence the inner products (U*(j,s)é7) are analytic in s. This concludes 
the proof of Theorem 5. 


CoroLuaRy. Conclusion 5) of Theorem 5 may be strengthened as 
follows. Given any «> 0, then 


sup || U*(g,$) S + | t |) 
g 


fors=o+itt, O0<o<l. 

In proving the theorem we made use of the estimate given by (6.11). 
If, however, we had used the estimate given by Lemma 16, we would have 
obtained the above. 

We shall now Prove 1) of Thetorem 6, which asserts that the represen- 
tations U*(-,s) and U*(-,s’) are contragredient. 

In order to do this, we first combine (7.3) and (6.6) to obtain 
(7.21) V*(g, 8’) = s)*Wo". 
It then follows by definition that 

U*(g, 8’) = W(s’, 4) WoV* (97, s)*WoW (4, 8’). 
Using the definitions of W(s’,4), We together with the fact that s’—}4 
+o—o’ we find that 
W (s’,4) Wo = W(s, 4). 
Substituting into the above we obtain 
U*(g, 8°) = W(s, V*(g,8)*W (4,8), 

which implies, 
(7.22) U*(g,s’) 
Hence we have proved part 1). 


The second statement of Theorem 6 is easily seen to follow from the 
fact that the representations g—> U*(g,o) are unitary for 0<o <1. 


In fact, suppose that g—>U(g,s) are any representations of G on # 
such that 


U(9, 8’) =U(g",s)* 


TH 
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and for which the inner products (U(g,s)é,7) are analytic in s. Then 
: U(-,s) =U(-,1—s) 


if and only if the representations U(-,o) are unitary for each o, O0<o <1. 
To prove this, we observe that the condition U(-,s) =U(-,1—s) is, 
by analyticity, equivalent to the condition U(-,a) = U(:,1—) for0 <a <1. 
: On the other hand, 1—o=o’ so that U(g",c)*—U(g,1—-c). Hence the 
above is equivalent to the condition U(g,c) =U (g™,c)*, g€ G. 
4 It is interesting to note that the representations U-(-,s) do not satisfy 
This is a reflection of the known fact that they are not unitary when 
In order to prove this, it is sufficient to show that the representations 
Pv(-,0), 0<o<4, are not unitary. Without going into detail, we remark 
) that this is a consequence of the relation 


lo? — If lo? 


which is valid for all f in Ly, p= (1—o)7. 
We suppose now that S is a bounded operator with a bounded inverse 


(7.28) 


such that 


SU-(-,s)S* == U-(-,1—s). 
3 Replacing s by 1—-s and making simple calculations we find that 
S?U-(-,s) = U-(-,s)8?. 


; We shall assume the known fact that the unitary representations U-(-,4-+ it), 
| t40, are irreducible. It then follows that S? is a scalar multiple of the 
| identity. For lower triangular group elements g of the form 


a7} 


U-(g,s): F(a) — aF (a?z) 


we know that 


and 

SU-(g,s) =U-(g,8)8. 

| Setting a1 and then setting c—0 we find that § is the operation of 
| multiplicity by a function, say K, with the property that K(x) = K(a*z). 
| Since §? is a scalar multiple of the identity, we obtain the additional relation 
| (K(z))?=const., which implies K(x) =const. or K(x) = (const.)sgn(z). 
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As the first alternative holds if and only if U-(-,o) is unitary for0 << o<1 
we conclude that K(x) = (const.)sgn(z). 
We shall now define S by 


(7. 24) S: F(x) >sgn(z) F(z), 


and prove that SU-(g,s)S-'—U-(g,1—~s) for all g in G. This may be 
shown directly for all g; however, such a proof does not exhibit the crux of 
the matter, which, as it turns out, is the relation 


SU-(j,0)S* = U-(j,1—¢). 


We therefore proceed along different lines and first of all recall that the 
operators U-(g,s) are independent of s for lower triangular group elements 4. 
For such g, the above relation becomes 


SU-(g, 8) U-(g,8)8. 


a7 


SU-(g,s): F(x) > sgn (az) aF (a?x) 


To verify this, suppose 


Then 


and 
U-(g,s)S: F(x) a sen (a?r) F(a?x). 


In view of the decomposition (7.8) it is therefore seen to be sufficient to 
prove the relation 
SU-(j,s) =U-(j,1—s)8; 
Moreover, by analyticity, it is sufficient to prove this for s=o, 0<a< }. 
Now 
SU-(j,0)S* = U-(j, 0’) 
if and only if 
W (4, 0°) SU-(j,0)S*W (o’, ) = W(3,0’)U-(j, 0’) W(o’, 3). 
Thus using the fact that S commutes with W(4,0’) we see that it is 
sufficient to prove 


(7.25) V-(j, = SW(o, 0’) V-(j, W(o’" a)S1, 


In proving (7.25) we use the following considerations. The operation 
SW(c,0’) is multiplication by sgn(z)|x|?*-*. Going over to the Fourier 
transform, this corresponds to convolution by be/(2r)4sgn(x)| x |-?, where 


the tebe 


y be 
x of 


the 
ts 9. 


“jer 


bo sgn(x)| x 
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bo = (2c) sin zo. 


(This fact may be established in the same way as (6.13) was; for further 


' discussion see the proof of Lemma 15, § 6.) 


Recalling the definition of V-(j,o) in terms of the Fourier transform, 
it then suffices to prove the following: the operation of convolution by 
-2¢, followed by the operation f(r) > sgn(z)| f(—1/z) 
is equal to the operation f (2) > sgn(x) | x |°7-?f(—1/a) followed by convolu- 
tion with bo/(2r)4sgn(x)|a|-?°. This leads to the verification 


-2¢ 


—1/a—y f(y) dy 


f(—1/y) dy. 


That this holds may be checked by the obvious change of variables. 

The argument above needs to be made precise. We therefore argue as 
follows. 

In proving (7.25) it clearly suffices to show that 


(V-(j, 0’) SW (0, 0’) F, H) = (SW(o,0’) V-(j,0) (F), H) 
for F,H€D. Let f be the Fourier transform of F. Put 


Then by what has been said before, 


“sgn (2—y) | f(y) dy. 


We define h, and h, similarly; thus it follows that 


hs(2) —=bo/ f sgn(e—y)| |*h(y)dy. 
Since 
(SW (o,0’)V-(j,o) (F), 1) = (F), SW(e,0’)H), 
it suffices in view of Lemma 24 to show that 
(7. 26) (v-(j,0°) = 0) 


Now, 


——bo/(2n) —2)]| y | —y |-* 
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On the other hand, 


o’) fi; h) 
If we make the change of variables y—> —1/y in the first double-integral, 


then it is easily verified that this first double-integral equals the second double 
integral. This proves (7.26) and concludes the proof of Theorem 6. 


CHAPTER III. Tue Fourter-LAPLacE TRANSFORM ON THE GROUP. 


8. Hausdorff-Young theorem for the group and certain of its implica- 
tions. Let f¢ Z,(@), and let us define the Fourier transform of f on G as 
follows: 


F*(s) — (9) dg, 
0<R(s) <1, fe L,(G). 


U*(-+,s) is the analytic family of representations which act on #, and 
which were studied in §§ 5, 6 and 7. Because for each fixed s, 0 < R(s) <1, 
U*(-+,s) is a uniformly bounded representation, the integral appearing in 
(8.1) is well defined. Moreover, if é,7€ #, then 


(8.1) 


An application of Fubini’s theorem, and the analyticity of U*(-,s) shows that 


(F*(s)&)ds = 0, 
G 


for any closed curve C in 0< R(s) <1. 

Thus the Fourier transform #*(s) is not only well-defined when f € L,(@), 
and 0 < R(s) <1, but is also an analytic operator-valued function of s in 
that strip. 

The results of this section show, in a very precise way, that one may 
obtain similar results for the Fourier transform of functions in L,(G), 
1=p<2. These facts are contained in the following theorem together 
with its corollaries.*® 


THEOREM 7. Letl<p< 2, and q be its conjugate index 1/p +-1/q=1. 


46 The norms ||-||,, 1 = q = %™, are those introduced in §2. We recall that ||-|l, is 
the “ Hilbert-Schmidt ” norm while ||-||« denotes the operator bound. 
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There exists a measure dyg,o(t) so that 


(8.2) (fl F*(o + it) dugo(t) Il f lle» 


f simple, s=o-+ it, and 1/g<o<1/p. For the measure dygo(t) we have 
the following estimate: Given any §> 0, then: 


= Agos(1 + | t |) dé. 


1. For each fixed p,.1<p<2, there exists a ao, 1/q <3, 
so that 


( F (e+ it) Age I fl 
whenever oo <o <1—dao, and f is simple. 


2. For each p, p<2, 
+ tt) lo SAp flip, f simple. 


3. For each p, 1S p<2,1/q< R(s) <1/p, s=o+ tt, 
|| F*(s) || f tf simple. 


CoroLuaRy 4. The Fourier transform, initially defined for f€ L,N Lp, 
has a unique bounded extension to all of Lp(G), 1S p < 2, with the following 
property: U*(f,-) is for each f€ Lp(G@) analytic in s, for 1/g< R(s) <1/p. 
Moreover, the extension satisfies (8.2) as well as the conditions of Corollaries 
1 through 3. 


Remarks. A strict analogue of the classical Hausdorff-Young theorem 
would have been a result like (8.2), but only for o—4. The above results 
show, however, that the same conclusion holds for a proper strip which contains 
the line = 4 in its interior. This, together with the analyticity of ¥*, has 
far-reaching consequences. Once (8.2) has been proved, the results of 
Corollaries 2, 3, and 4 follow by rather standard “ Phragmen-Lindelof” type 
arguments. 

It is possible to obtain somewhat stronger versions of Corollaries 2 and 3 
by replacing the ||-||. operator norm by the norm ||-||g. Since these latter 
results do not seem to have any immediate applications, we have not bothered 
to give their proofs. 

A complete Fourier analysis of an arbitrary function (in the class 
L.(@)) necessitates together with the continuous principal series also the 
diserete principal series. The discussion of the discrete principal series is 
much simpler, and is taken up in the next section. 


R. A. KUNZE AND E. M. STEIN. 


Proof of Theorem %. Let us consider the case ¥*, that of F- being 
entirely similar. On account of the corollary to Theorem 5 (see §7) we may 
write down the following inequality: 


(8-3) sup (1+ | | + it) oS f 
0<o<1, ande>0O. 


This inequality follows from the above quoted corollary and the observa. 
tion that 


We know that U*(-,4-+-7¢) is unitarily equivalent to the representation 
v*(-,4-+7t) of the continuous principal series. This series, however, is 
contained in the Plancherel formula (see §5). Hence we may write down 
the following inequality : 


Here we have used the semi-trivial observation that, 

(1+ |¢|)?S At tanh at, —oct<o. 

We shall apply Theorem 3 to inequalities (8.3) and (8.4) above. We 
argue as follows. Assume that is given and1/q<o<1/p. We assume first 
that o< 4. Let @ be a fixed real number with 0<a<oa< 4, but otherwise 
arbitrary. Rewrite (8.3) with « instead of o. It becomes 
(8.5) sup F(a + Awe fh 

with c= (a—4)(1-+e). 

Our given p, 1< p< 2, determines a parameter 7, 0<7< 1, with 

1/p= (1—r) +7/2 =1—7/2, and 1/q—7/2. 

Now if 1/qg<o< 4, there always exists an a, 0 <a<a, so that 


(8.6) o—a(l—r)+ fr, (B=}). 


The above relation determines a uniquely, which « we now fix. In 
applying Theorem 3 to (8.4) and (8.5) we make the following further 
identifications : 


{ c= (a—3)(1+e) 
(8.7) a=1 


Now the result of Theorem 3 is 
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| whenever f is simple. 


A straightforward calculation leads to 
(8.9) (e>0). 

Now given any § > 0, we can choose an « > 0, small enough so that 
(8.10) dqg=1—|o—4|q—8. 


Substituting this value of dq in (8.8) proves (8.2), whenever f is simple. 
The consideration of the case 4 <o <1/p is carried out in the same manner 
once one defines 


F+(s) F+(1—8). 
The consideration of ¥-(s) is analogous to #*(s). This concludes the proof 


of Theorem 5. 


Proof of Corollary 1. Consider the quantity 1—q|o—4|—8. This 
is the exponent that occurs in the measure dyg,o(t). Recall that 8 was 
arbitrary, except 5>0. Notice that if q is fixed we can make the quantity 
non-negative by choosing § small enough and o sufficiently close to 4. How- 
ever o is also restricted by 1/g<o<1/p. Thus it is clear that we can 
realize the conditions of the corollary if we take 


oo —max(1/q, }—1/q). 


Hence for this choice of oo, the corollary is proved. 
The proofs of the other corollaries necessitate the following lemma which 
is along very classical lines. 


LEMMA 26. Let &(s) be a (numerical-valued) function analytic in an 
open region which contains the strip 


a=R(s)<B, 
Suppose that for some c=0, 
sup | @(o+it)| =O(|t|*), as | t|—00, 


and furthermore, for some q, q=1, 


Teta<y<fp. 
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Conclusion: 


sup |®(y+it)|SA. 
A depends on a, B, y, and q, but does not otherwise depend on c or ®. 


Proof. Let p be the index conjugate to gq, 1/p-+1/p=1. Choose ¢ 
to be a continuous function on (—o,o) which vanishes outside a finite 
interval, and satisfies 


(8.11) 


but let ¢ be arbitrary otherwise. 
Define ®,(0-+ it) by 


Then it is easy to verify that ®,(s) is analytic in an open region which 
contains «= R(s) =B; that 


sup + it)| —O(|t|*), a8 |t| 
aSo=p 
and in view of the assumptions on ® and (8.11) that 


sup and sup 
-actcw 


We are now in a position to apply the classical Phragmen-Lindeléf principle 
to @,'7 The conclusion is that |,| is bounded by 1 in the entire strip 
a= R(s)=£. In particular, 

| @:(c)| 


Going back to the definition of ©,, we obtain 


If +i) 6(4) ats | <1, 


Considering the arbitrariness of ¢ (except for condition (8.11) ) the converse 
of Hélder’s inequality shows: 


(8. 12) Jf if a<oSp. 


For functions which are analytic in a strip and satisfy a uniform estimate 
like (8.12) there is a known variant of Cauchy’s integral formula. It is 


17 See e.g. Titchmarsh [22; p. 181]. 
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(y+ tt) 
(13) +it)/(a + at 


—2 dt, 
a<y<B. 
In Paley and Wiener ([18] pp. 3-5), (8.13) is demonstrated under 
the assumption corresponding to g=2 in (8.12). However, the proof in 


the general case, g= 1, is no different. 
If one applies Hélder’s inequality to each of the integrals in (8.13) one 


obtains: 

(8.14) sup | (y+ it)| 

where 


f _dt/((y—a)? + 
(1/p + 1/q=1). 
A simple calculation shows, 
(8.15) S (y—%) + (B—y) 4], 
and with c some absolute constant. This concludes the proof of the lemma. 


Proof of Corollary 2. Let us assume for simplicity that || f ||p>—1. 

Considering the index o defined in Corollary 1, choose op < 0, < 4, and 
keep o, fixed throughout the rest of this argument. Now by the choice of o; 
(and the normalization imposed on f) we have 


F*(o, + it) S AY, 
(8.16) 


with A independent of f, for some appropriate A. 


Choose é and » to be two vectors in &#, subject to the restriction || € || = 1, 
|» || 1, but otherwise arbitrary. Now 


| (F*(s)é0)| S| F*(s) lo Sl F*(s) 


Hence if we let 


=1/A(F*(s)é 
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then 
(8.17) f | + it) <1, f | (1—o, + it) S11. 


However ®(s) is clearly analytic in an open region containing o; = R(s) 
<= 1—o,— it is analytic in 0 < R(s) <1. Moreover, it satisfies the growth 
condition specified in Lemma 11, with c—=4. We also notice o, < $< 1—a,. 
We then conclude: 
sup 
Going back to our definition this leads to 
sup S Bo. 
Notice that Ac,, and hence B, is independent of €,y. Taking the sup over 
all €| <1, S1 we obtain 
sup || #*(3+%)| SB. 


If we now drop the normalization || f ||) 1, we obtain the conclusion of 
Corollary 2. This concludes the proof. 


Proof of Corollary 3. The proof is similar to that of Corollary 2 but is 
somewhat more complicated. 

Let f be a simple function. We use inequality (8.2) which we have 
already proved for such f. We fix some § > 0, and assume momentarily that 
lf lp==1. Let us call 


A=1—|o,—4| q—8, 


where we choose 1/q < a, < 4. 
Then (8.2) becomes 


| F* (0; + tt) + | t |)* dt S (Ago,)% 
Choose #, with || é|]=1, |||] 1, and let 


= (F*(s), 


Then 
¥(o+ (| + tt) oS || F*(o + it) Ila. 


The above then becomes 


V(o, + it) |9(1 +. | t dt = (A¢o,)t. 
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Since the formula (8.2) is symmetric in o, and 1—.,, one also obtains 


We let 
}(s) 


If we choose c, as appropriate constant (depending on q, oi, and A) then the 
above inequalities become 


and | (1—o, + it) S11. 


Moreover it is an easy matter to verify that (s) satisfies the growth con- 
dition specified in Lemma 11. We may thus conclude, (see (8.15)), 


| ®(o + it)| Se[]o—o [4] + 
Going back to the definitions of @ and W the above becomes 
s=o + it, 


Notice that the right-hand side is independent of é, and y. If we 
remember that and are arbitrary except || é||=1, || 7 || 1, and we take 
the sup of the left-hand side, dropping the restriction || f ||) 1, we then 
obtain 


(8.18) | 2+ F*(s) || Ses[|o—os 4+ | 1—o1—o || f 
where s=o+ it, Co <1—a, < 3, 
C3 = 01, A). 

Notice that this formula actually holds for every s in the open strip 
l/g< R(s) <1/p. In fact, for such an s, we need only choose a go, so that 
o,<0<1—a,, and 4. 

If we now fix our A and s, it is clear that (8.18) implies Corollary 3. 
Proof of Corollary 4. It is clear from Corollary 3, that whenever 
\/¢< R(s) <1/p, F*(s) has a unique bounded extension to all of L,(@). 
Inequality (8.18) shows that the bounds are uniform whenever s is 


restricted to a compact subset of 1/q¢< R(s) <<1/p. But we know that #* 
is analytic in the strip 0 < R(s) <1, when fe L,(G)NL,(G). 
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Hence a simple limiting argument also shows that ¥* is analytic in 


1/q R(s) <1/p, for each fixed f€ L,(G). 

Other limiting arguments (which we will not give) show that the 
extension ¥* to all of L, also satisfies the inequalities (8.2) and those con. 
tained in Corollaries 1, 2, and 3. 

This concludes our discussion of Corollary 4. 


9. The discrete series. We now intend to investigate the form of the 
Hausdorff-Young theorem for our group, so far as it involves the discrete 
series. 

As contrasted with the case of the continuous series considered above. 
we do not concern ourselves with an analytic structure in the discrete series, 
This lack is mitigated by the fact that in the Plancherel formula for the 
group, elements of the discrete series occur with weights bounded away from 
zero. 

We begin by proving the following theorem. 


THEOREM 8. Let 1S p=2, and 1/g+1/p=1. Then 


(9.1) D*(f,k) + (4 +1) || D S I f le 
whenever L,(G)N L(G). 


Proof. We consider the measure space M, defined as follows: The points 
of M are the pairs (k, +), where & runs over the non-negative integers, and 
the second component is either + or — as indicated. 

On M we define the measure dm as follows: The point (k,-+-) is assigned 
the measure k-+ 4; the point (k,—) is assigned the measure + 1. 

We let & denote a separable infinite-dimensional Hilbert space. In 
accordance with the discussion of § 2 we consider functions from M to bounded 
operators on &. In view of the discreteness of M, all such functions are 
automatically measurable. 

We now define a mapping from simple functions on G to operator valued 
functions on M. The mapping, which we denote by 7, is given by 


P= {F(k, +)}, 


F(k, +) = D*(f,k), 
and with 


D*(f,k) = J. D*(g,k) f(g) ag. 


As explicitly given, the representations D*(-,%) act on different Hilbert 
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spaces. However, since all separable infinite dimensional Hilbert spaces are 
unitarily equivalent, we may assume that we deal with appropriate unitarily 
equivalent representations, all of which act on our given #. 

Using the definitions of §2, (9.1) becomes 


ITA le Sif lle 


This is what we must prove 
Observe that by definition, 


ID + E+ VID 


Hence, in view of the Plancherel formula for G, (see §5), we have 
(9.3) | T(f) le S lle. 
Notice also that 


| PCF) le = sup || D*(7, 


while 


D°(f, lo S Il f 
since D*(-,%) is unitary. We therefore have, 


We now use the general interpolation theorem of §3. In the present 
case the operator 7 is independent of z, and so a fortiori satisfies the con- 
ditions of analyticity and admissible growth. 

We let (po, Go) = (2,2), and (p1,9:) =(1,0). Then it is easily 
verified that 1/p + 1/q=—1, and that we may choose any p, 1 = pS 2, by an 
appropriate choice of 7, OS7r=1. 

It is apparent that in the present case Ay(y) —1 because of (9.3), and 
also A,(y) =1 because of (9.4). 

The result of Theorem 3 is 


Since Ao(y) = A.i(y) =1, it follows that log A, 0, and hence A; —1. 
Thus we have demonstrated (9.2), and therefore (9.1), whenever f is a 
simple function. 

The extension of the inequality to all L,(@)N L,(@) follows by standard 
limiting arguments. This concludes the proof of the theorem. 


The following corollary is basic for our applications of the above theorem. 
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Corottary. The mapping f—> D*(f,k) has a unique extension to all 
of Lp(G@), and this extension satisfies the following: 


(9.5) sup || D*(7,#) a= ave lly 


whenever 1=pS2. 


Proof. We consider first the case when f€ 1,0 Ly. Using (9.1) we 
obtain 


4) || D*(f, + 3) || D*(f,%) la? S f ll’ 
Hence, 
D*(f, &) le? S1/(K + S 2 
A similar argument for D-(f,&) shows that 
sup | D*(f,%) oS 2°" f lp 27 


Since the operator norms used above are non-increasing with q, (see (2. 2)), 
we conclude (9.5), whenever f€ 1, Lp. 

In view of the inequality just proved it follows that the mapping 
f— D*(f,k) has a unique extension to Ly, which again satisfies (9.5). 


CHAPTER IV. 


10. Boundedness of convolution operator. We are now in a position 
to obtain an important application of the analysis of the previous sections. 

We shall find it convenient to adopt a slight change in our notation. 
In this section letters z,y,z,- - - will denote elements of the group G, and 
f,9g,h,- - - functions on the group. 

We recall the operation of convolution of two functions f and g, defined 
as follows 


(F*9)(2) 


dy = Haar measure. 


Now if f€ L., and g¢€ Ly, 1S pS2, then by Young’s inequality (see 
[23]), f*g is well defined and is in L,, where 1/r—4-+1/p—1. 
THeEorEM 9. Let fe L,, and ge 1S p<2; if h=fxg, then 
he and 
(10. 1) [A lz SApl fllelg le, 
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where Ap does not depend on f or g. Hence the operation of convolution 
by a function g€ Ly, Sp <2, ts a bounded operator on Lz. 


Remarks. Inequality (10.1) fails when p—2. This is not surprising 
for many reasons; we indicate one such reason. Inequality (10.1) is essen- 
tially a statement of the fact that the Fourier transform of a function g in 
L,, 1Sp< 2, is uniformly bounded. But a function in LZ, may be given 
by appropriately assigning its Fourier transform, and this may be done so 
that the Fourier transform is not uniformly bounded. 


The statement which corresponds to (10.1) when @ is, for example, a 
non-compact abelian group is false, as long as p41. This is so even in the 
case when G@ is the additive group of the real-line. We postpone further 
discussions of these matters to the next section. 


Proof. It is sufficient to prove inequality (10.1) for a dense class of 
functions, and so. we assume that f and g are in L, (in addition to the fact 
that f and g are respectively also in L, and L,). 

Notice that if h =f *g, and x—U, is any (say unitary ) representation, 
then 


(10. 2) 


Here { f()Uzdz, with similar definitions for U,, and Up. 
7G 


Moreover by (2.13) and (10.2) we obtain 
(10.3) On |] Vo lle 


We apply (10.3) successively to the cases when U =U*(-,4+%t), (the 
continuous principal series), and U = D*(-,k), (the discrete series). 


For the continuous principal series we apply Corollary 2 of Theorem 7, 
(with g in place of f) ; for the discrete series we similarly apply the corollary 
of Theorem 8. The result for the continuous series is 


(10. 4) || U*(h, + tt) Ap || U*(f,4 + tt) [leg 
1=p <2, with A, independent of ¢. 
The result for the discrete series is 
(10.5) |] D*(h, | D*(f,%) I1SpSe. 
Finally, we calculate || h ||, and || f ||, via the Plancherel formula, (see § 5). 
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It is to be noted that in computing the required norms, it makes no difference 
whether we use the representations v*(-,4-+7¢), or the unitarily equivalent 
representations U*(-,4-+ it). Using (10.4) and (10.5) we then easily 
obtain 

This proves (10.1), and hence the theorem. 


From the above theorem, and with the use of various devices, it is possible 
to prove other inequalities like (10.1). All of these have in common the 
remarkable property that they hold for the group we are considering and 
also for compact groups, but fail in the simplest non-compact abelian instances, 
We shall limit ourselves to the proof of only one more such result. 


Corotiary. Let fe L.,andg€ Ly Ifh=frg, thenh€ Ly 
and 


(10.6) lg lle 
where Aq does not depend on f or g. 


Remark. By the results of the next section it will be seen that this 
corollary and the theorem from which it is derived are essentially equivalent 


results. 


Proof. Let L,N Ly, where 1/p+1/q—1, but let be arbitrary 
otherwise. Then, 


om k -1)dzrdy= 
J, (x) f (cy*) da dy J auras, 
where | = f**k, with f*(2) —f(z"). 


Hence, 


However, by our theorem 


since l= p<2. Thus we have 


| f_ |< Ay by 
G 
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Now take the sup of the left-hand side over k, such that || k ||p—=1. The 


result is 
fllellg lle 


and the corollary is proved. 


11. Characterization of unitary representations of G. Let g—>U, be 
a unitary representation (not necessarily irreducible) on a Hilbert space #. 
We now introduce two notions which are basic for our characterization of the 


representations of G. 
Definition. (g) is an entry function, if 
(11.1) $(9) = én € &. 
Definition. g—U, is extendable to L,(G), if for some fixed p, p=1, 
| fll» every fe Lp (@), 
with A independent of f. 


It is interesting to note the following facts. Theorem 9, which dealt with 
the boundedness of the operation of convolution, can be restated by saying 
that the regular representation is extendable to L,(G) for every p, lLSp< 2. 
We may further note that the corollary to Theorem 9 states that every entry 
function of the regular repersentation is in L,(G@), for every gq > 2. 


As a preliminary matter, we obtain the following relation between the 


notions defined above. 


Lemma 27.18 The representation g— U, is extendable to Ly(G), tf and 
only if for every pair &,n€ &, the entry function , defined in (11.1), lies 
in Lg(G@), where 1/p+1/q=—1. 


Assume first that U, is extendable to Ly. Let fe L,NL,. Then 


=( Usf(9)49n) = 
Thus by (11.2) 


18 This lemma holds for any locally compact group. 
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We now limit ourselves to those f’s for which || f ||) 1, and we take the 
sup of the left-hand side. We then obtain ||¢||~gSAp|é|| ||, and thus 
¢€ Lg. This proves the implication in one direction. To prove the converse 
we shall use the closed-graph theorem several times. We argue as follows. 

For fixed y, consider the mapping 


as a mapping from # to L,(G). By the assumptions of the lemma, it is 


clear that this mapping is everywhere defined on #; obviously it is linear. 
We next notice that it is closed. For supose that é,— é, and 
on(g) = (Ugén, > b0(g) in Ly norm. 
However, ¢n(9) > ¢(g) = (U¢é,n), for every g€ G. Thus = 
and ¢n(g) > ¢(g) in Lg norm. This shows that the mapping is closed. 
Hence, 
(11.3) Il S Ay | 
Similarly, 
(11. 4) Il lla S 
Now let f be any function in Z,(G). We propose to define Uy. We 


shall do this by defining (U;é,y), for every pair én € #. 
In fact set 


= 


where = (Ugé,n). Since Lg, f € Lp, and 1/p + 1/q = 1, the integral 
is well-defined,, by Hélder’s inequality. Hélder’s inequality, (11.3), and 
(11.4) further show: 


(11.5) SAn lle 
and 


(11.6) S Bell all If lle. 


Now (11.6) shows that the vector U;é is well-defined for every €€ H. 
Moreover, (11.5) and a simple argument, prove that Uy is a closed operator. 
Hence, using the closed graph theorem, we obtain that U;, for each f € L,(G), 
is a bounded operator on # (to itself). 

Finally, consider the mapping 


which is a mapping from L,(G) to @ = Banach space of bounded operators 


56 
= ¢(9) 
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' on & with usual norm. We have just seen that this mapping is everywhere 
defined. It is clear from the definition that this mapping is linear. We 
shall next see that it is closed. In fact, assume f,—>f in Lp norm, and that 
| U;,— U> in the operator norm. Then 


(U,€,9) > (Wok, 7) 
for every € and »€ &. By (11.5) it follows that 

> (Usk, 0). 

= 0). 


Thus U;==U,. Therefore the mapping f— U; is closed. A final application 
of the closed graph theorem gives 


Hence 


This shows that g—U, is extendable to L,, and the lemema is completely 
proved. 

We notice that the lemma proves that Theorem 9 and its corollary are 
equivalent propositions. It is to be observed that the identity representation 
(on the one-dimensional space) is not extendable to Ly if p41. Thus there 
are very simple representations which are not extendable to Ly, if p¥1. 
We make one further remark before we proceed. Every entry function is 
| automatically in Z(G). Hence a simple argument shows that if it is in 
Lq,(G@), it is also in Lg(G), where g >q. Therefore the lemma leads to the 
fact that if a representation is extendable to L,,(@), and po > 1, then it also 
is extendable to L,(G@), for lS p< po. 

We are now in a position to give our characterization of the irreducible 
unitary representations of the 2 X 2 real unimodular group G. 


THEOREM 10. Let g—U, be an irreducible unitary representation of G. 
Assume U is not the identity representation. Then 


(a) U «is unitarily equivalent to an element of the discrete series if and 
only tf U is extendable to L(G). 


(b) U ts unitarily equivalent to an element of the continuous principal 
series tf and only if U is extendable to every Lp(G), 1S p< 2, but is not 
extendable to L.(@). 


(c) U «ts unitarily equivalent to the element of the complementary 
series corresponding vo the parameter o, 0<o <4, if and only if U is 
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extendable to L,(G) for 1S p<1/(1—co), but ws not extendable to 
Ty (1-0) (G). 


Corotiary. Let g > Uy, be an irreducible unitary representation different 
from the identity representation. Then U ts unitarily equivalent to (1) an 
element of the discrete series, (2) an element of the continuous principal 
series, or, (3) the element of the complementary series corresponding to o, 
0<o< i, tf and only if respectwely (1’) every entry function is in L,(G), 
(2’) every entry function is in Leg(G), g > 2, but not every entry function 
is in L2(G@), or, (3’) every entry function is in Lg(G), g>1/e, but not 
every entry fuuction is in Lyo(@). 


Before we pass to the proof of these facts we should like to clarify the 
difference of notation that we have adopted for the representations of G and 
that which is used in Bargmann’s paper. The parameter o, 0 <o < 4, which 
we have used to identify the elements of the complementary series corres- 
ponds to Bargmann’s parameter }—o. There is also a difference in para- 
metrization of the discrete series. We have called elements of the discrete 
series those which appear as discrete summands (with non-zero measure) in 
the Plancherel formula of the group. This exhausts Bargmann’s discrete 
series, except for the representations which he labels D*,,., and D-,,,. In our 
notation these two elements occur as follows. The representation g > U~(qg, 4) 
of the continuous principal series is not irreducible. It splits into the direct 
sum of D*,,, and D-,,2. Thus in our notation we count D*,,;., and D~,/. as 
elements of the continuous principal series. It is with these definitions in 
mind that the above theorem and corollary are stated. 

Now to the proof. It is known that every irreducible unitary represen- 
tation of the group is, except for the trivial representation, up to the unitary 
equivalence, either an element of the discrete series, the continuous principal 
series, or the complementary series. 

By the corollary of Theorem 8, it follows that elements of the discrete 
series are extendable to L2(G@). By Corollary 2 of Theorem 7 it follows that 
elements of the continuous principal series are extendable to L,(G), 1S p <2. 
[f we consider the representation g > U-(g, 4) we see that it is also extendable 
to Ly, for 1 = p< 2. However, this representation splits into two irreducible 


representations (which we have counted among the continuous principal 
series). A simple argument shows that each of these pieces is then also 
extendable to 1S p< 2. 

Finally, Corollary 3 of Theorem 7 implies that the element corresponding 
too, 0<o0< 4, is extendable to L,, 1S p<1/(1—«). We must now show 
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| that elements of the continuous principal series are not extendable to L.((), 


and the element of the complementary series corresponding to o is not 
extendable to Z,/(,-0)(@). We consider first the continuous principal series. 


' By Lemma 27 it is sufficient to exhibit an entry function which is not in 


L,(@). We consider the parametrization of the group given by Bargmann 
with y<o, OS pS and 0OSv<2z. In this case Haar measure 
becomes (27)-*dydudv, (see Bargmann (10.14)). We consider the “ prin- 
cipal spherical function ” corresponding to this representation. In Bargmann’s 
notation this is Woo(y), which has the asymptotic expansion, as yo, 


Wooly) ~ (Boo (tt, 0) y**). 
We also have 
| Bo.o (tt, 0) |? (coth rt) 


or (tanh zt) /4rt, depending on whether we are dealing with U*(g,4-+ it) 
or U-(g,4 +t), (see Bargmann (11.4), (11.7%¢), and (11.7°)). These 
asymptotic relations are valid except for U-(g,4). Except for this case we 
can easily see that the element W,o(y) is not in L,(0,  ; dy), because of the 
factor y4. Thus the corresponding principal spherical functions are not in 

In considering the representation U-(g, 4) we recall that it splits into D*,, 
and D-,; (in Bargmann’s notation). It is also demonstrated by Bargmann 
that the spherical functions corresponding to these representations are asymp- 
totic to constant times y~4. Thus these are also not in L,(G). The comple- 
mentary series is dealt with similarly. Taking into account our difference in 
notation, we have Boo(4—o,0)y~%, as asymptotic expression (as yo) for 
the principal spherical function coresponding to o, (see Bargmann (11.5)). 
Now clearly this function is not in L4,/¢(0,00;dy). Hence the principal 
spherical function is not in LZ,,/o(G@), and thus the representation is not 
extendable to L,/(:-0)(G). If we recall Lemma 27, we see that Theorem 10 
and its corollary are completely demonstrated. 

We now pass to the consideration of not necessarily irreducible unitary 
representations. Let g—>U, be such a representation of our group on a 
separable Hilbert space 9. 

Using the von Neuman reduction theory [17], and following Segal [19], 
we may decompose the representation as follows. 


The Hilbert space may be written as a direct integral f do (Xr) 
® 


of Hilbert spaces #*. With respect to this decomposition, the representation 
g—U, may be decomposed into {U*,}, where g—U, is irreducible and 
unitary, for a.e. A. 
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We do not wish to go into the background of these facts, or into the 
sense in which this reduction is unique. Aside from the simple manipulative 
facts which we shall use, we shall also use the following fact: Let A be an 
operator on & which can be decomposed with respect to the above decom. 
position of # into the direct integral of the #’s. We write A = {A), 
Then || A ||~ ess 


Our theorem is the following: It may be viewed as an extension and 
clarification of Theorem 9 and its corollary. 


TuHeorEM 11. Let g—U, be a unitary represeniation of G on 4. 
Consider its reduction into a direct integral of irreducible unitary represen. 
tations g>U,. A necessary and sufficient condition that (except for a set 
of measure zero) every U*, be unitarily equivalent to elements of the discrete 
or continuous principal series 1s that the representation g—> Ug be extendable 
to Ly(G@) for every p, 1 Sp<2. Alternatively, the condition ts equivalent 
with requiring that every entry function of the representation g— U, be in 


every L(G), 2<q. 


Proof. Assume first that, disregarding a set of measure zero, every U’, 
is equivalent to either elements of the discrete series or of the continuous 
principal series. Let f€ L,(G). Then 


Uy = {Uy}. 


Now || U; ||. esssup || U*; ||... Because of Corollary 2 of Theorem 7, and 


the corollary to Theorem 8, we obtain 


I1Sp<2; 


we have disregarded the set of measure zero which does not correspond to 
either the discrete or continuous principal series. Hence, 


1Sp<2, 
and g—> U, is extendable to every Lp(G), 1=p<2. To prove the converse, 
we argue as follows. Let {f,} be a denumerable collection of functions on @ § 


which lie in every L,(G), and are dense in every Lp(G), 1S p<o. Now 
U;,=U,,. Since g—>U, can be extended to Lp(G), we have 


frill 1Sp<2. 


Thus, 


REAL UNIMODULAR GROUP. 61 


Let FE, be the exceptional set of measure zero corresponding to the above 


ess Sup. 
Let EH =|) E,; then EF is still of measure zero. Now 


Owing to the denseness of the collection {fn}, we obtain 
file 1S p<2,r¢ Ly. 


Therefore U*, can be extended to Ly, 1= p < 2, for every A¢ H. By Theorem 
10, and the fact that H# is a set of measure zero we obtain that almost every 
0, belongs to either the discrete or continouus principal series. Using Lemma 
2? we obtain the alternate condition. 

This concludes the proof of Theorem 11. 

Let us now consider the additive group of the line. We shall show that 
the analogues of Theorem 9 fails for every p11, and that the analogue of 
the corollary of Theorem 9 fails if gy4o. 

In fact let f(x) = (log(2+ |2|))7, —o<2<oo. Then by the use 
of Theorem 124 of Titchmarsh [21] it may be shown f is the Fourier trans- 
form of a positive function which is in L,(—«,o). A simple application 
of the Plancherel theorem then shows that f is the convolution of two func- 
tions in L2(—oo, 0). However, clearly, f¢ Lg(—«, 0), if gAo. Thus 
the analogue of the corollary of Theorem 9 fails. Because of Lemma 27 
applied to the regular representation on L.(—, o), we see that the analogue 
of Theorem 9 fails if p41. 

Let us consider the problem of whether Theorem 9 would hold for our 
group in the ease p=2. This, clearly, is equivalent to requiring that the 
regular representation of the group is extendable to L,(G). By an argument 
like that in the proof of Theorem 11, it would then follow that the regular 
representation can be written as a direct sum of representations equivalent to 
representations of the discrete series. This, of course, is not true. 
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ON MAXIMAL FIRST ORDER PARTIAL DIFFER: ‘NTIAL 
OPERATORS.* 


By H. O. Corpss.* 


The modern spectral theory of selfadjoint differential operators, in all 
Fits various presentations, usually has the following starting point. One con- 
siders a linear formally selfadjoint differential operator Z acting on either 
‘scalar or vector functions defined in some domain D. Then one defines a 
minimal and a maximal operator L, in D(L,) and L, in D(L,) to be the 
closure of the operator Z in the domain of all sufficiently smooth functions 
vanishing in some neighborhood of the boundary and the (strict) adjoint of 
this operator respectively. Clearly LZ, is hermitian symmetric and is a 
restriction of L,: 

(1) DL, C 


| Both operators LZ, and L, are closed operators of a certain appropriate L,.- 
space into itself. Now, by von Neumann’s Theory about extensions of closed 
hermitian symmetric operators, there exist selfadjoint extensions of L, (which 
also are restrictions of L,) if any additional condition imposed on the operator 
L, as for instance reality or semiboundedness, guarantees the v. Neumann defect 
indices to be equal. Then, any such extension M being given, it is proved 
that the spectral representation 


(2) M = 

of M leads to an integral representation of arbitrary functions f in terms of 
the (regular and singular) eigenfunctions of M which are solutions of the 
equation 

(3) Iu 


This way, for instance, has been used by Stone in his book [18] for second 
order ordinary differential operators; then by Kodaira [11], Levinson [12], 
Levitan [13], Coddington [4] and many others for n-th order ordinary 


* Received January 20, 1959. 
* This paper has been prepared under the sponsorship of the Office of Naval Research, 
Contract No. Nonr 228 (09). 
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operators; finally, for n-th order elliptic partial differential operators, }y 
Garding [8], Vishik [19], [20], and Browder [1], and others. Now for 
ordinary differential operators a complete characterization of the possibl 
operators M in D(J) is easily done because then the defect indices of Ly ar 
finite and hence it easily can be shown that the domain D(M) can be chara. 
terized by imposing boundary conditions on the functions of D(L,). Thew 
boundary conditions are conditions in the usual sense if the boundaries ar 
regular. On the other hand, for a partial differential operator in a domain 
with regular boundary, the operator LZ, usually has infinite defect indices 
This is why the characterization of the domain D(M) by boundary condi- 
tions becomes a problem which in general has not been solved up to now. 
However, if we understand the word “boundary condition” in some 
weakened manner, a solution can be achieved and this has ben done by several 
authors (Calkin [2], Vishik [19], [20], Hoermander [10], Phillips [14]). 
One then introduces a certain boundary space 8 which is the quotient space 


(4) G(L1)/G (Lo), 


where @(Z,) and @(Z,) denote the graphs of the operators LZ, and J, 
respectively. It is easy to see that the residue class of some element u€ @(L,) 
with respect to the above quotient space depends only on the behavior of w at 


the boundary. Posing a generalized homogeneous boundary condition then 
simply means to impose on wu that its residue class be in some given fixed 
subspace of 8. One then can study the question whether or not a boundary 
condition is “well posed,” i.e., leads to a selfadjoint (or more generally a 


maximal) operator M. 

Nevertheless, it still remains the basic question to find out when such a 
generalized boundary condition can be posed in the usual way, i.e., imposing 
conditions on the function and its normal and tangential derivatives at the 
boundary only, and not in some neighborhood of the boundary. There are 
some more simple conditions, as for instance the Dirichlet condition, the von 
Neumann condition, and Hilbert’s boundary condition of the third type. 
which have been investigated for certain types of differential operators. Also 
there are some nonlocal boundary conditions studied (Vishik [19], [20]). 
again for special types of differential operators. 

The present paper deals with the discussion of a method which has many 
chances to work for very general classes of differential operators. We will 
discuss here maximality of formally selfadjoint first order partial differential 
operators acting on vector functions under boundary condition of a very large 
class which contains both local and nonlocal conditions. The conditions we 
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pose are boundary conditions in the strict sense mentioned above. It is 
interesting to see that ellipticity here:does not play any further role. 

In addition it seems to be quite obvious that similar arguments will work 
also in the case of higher order operators. The author is preparing another 
publication about the case of n-th order elliptic equations which will state 
quite analogous results. 

The theory is based on investigating a relation between the inner product 
of the boundary space (which is essentially the inner product of the graph 
space) and another inner product which is defined for all “strips,” i.e., all 
combinations of functions and sufficiently many normal derivatives at the boun- 
dary, under an ordinary L,-norm with appropriate weight factor. The space 
completed under this norm will be called €. This relation will be established 
by a certain unbounded selfadjoint operator G in D(G) of the boundary space 
B into itself. The eigenvalue problem G ¢—A¢ is very closely related to 
some kind of eigenvalue problems with the parameter in the boundary condi- 
tion studied first by Hilbert [9] for the operator 


(5) L = (0/dx) p(0/dx) + (0/dy) p(0/dy) 


and generalized to the case of a second order elliptic operator on a Riemannian 
space by Sandgren [17]. 

After having this operator G established it is possible to study also 
boundary conditions which are imposed in the space &, i.e., which are ordinary 
boundary conditions. 

The abstract classifications of the possible boundary conditions in the 
generalized sense for the case of the operators studied here has been investi- 
gated in great detail by R. S. Phillips [14]. Phillips studies not only self- 
adjoint opeartors but also a class of operators he calls maximal dissipative. 
A maximal dissipative extension M of Z, simply is a maximal operator (in 
the v. Neumann sense) which essentially satisfies the condition 


(6) M+M*S0. 


This class of operators is important because a maximal dissiptative operator 
will be an infinitesimal generator of a semigroup of contractions. The self- 
adjoint case obviously arises if in (6) the equality sign holds. Then iM will 
be selfadjoint. Accordingly in this paper we shall look out for boundary 
conditions which will furnish maximal dissipative operators. Since the operator 
—Z instead of L also can be considered, it then also will be possible to find 
conditions which make M and —M both maximal dissipative which amounts 
to «M being selfadjoint. 
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Finally it has to be mentioned that quite recently general locally dissi- 
pative conditions have been investigated by K. O. Friedrichs [7], P. D. Lax 
and R. S. Phillips [15]. This paper will essentially use the fact that a special 
operator M characterized by local boundary conditions is maximal dissipative. 
In other words we have to use the proofs mentioned above, which were 
achieved by use of mollifiers. The existence of the operator G mentioned above 
essentially follows from the well known result of K. O. Friedrichs [6] con- 
cerning identity of weak and strong solutions of first order systems and a 
certain continuation theorem proved in a concurrent paper of the author [5]. 

The main result is contained in Theorem 6.6. Section 2 contains the 
study of the operator G in D(G@) mentioned above. In sections 3 to 5 the two 
different boundary spaces are investigated and the tools for the proof of 
Theorem 6.6 are prepared. 

The author wishes to express his apprecation for stimulation and for 
many valuable discussions about this subject which he had with Professor 
R. S. Phillips during the first period he worked on the paper. Especially he 
is indebted to him for the knowledge of an example which suggested the 
principal idea of this paper. 


1. Auxiliary results. In this paragraph we will establish some known 
results which have to be used essentially in the following. 


Lemma 1.1. Let 
(1.1) A(s) = ((au(s))) 


be a symmetric m XK m-matrix the coefficients ay,(s) of which are contin- 
uously differentiable with respect to p variables s = +, Sp) in a certain 
domain Dy. Let Po(s), No(s), Zo(s) be the orthogonal projections onto the 
subspaces of the m-component vector spaces which correspond to the eigenvalues 
Ar(s) > 0, Ar(s) <0, Ay(s) =0, respectively. 

Then the coefficients of Po(s), No(s) and Z,(s) are bounded measurable 
functions and the coefficients of 


(1.2) P(s)=A(s)Po(s),  N(s) = A(s)No(s) 
are Lipschitz continuous in any compact subregion of Dy. If 


(1.3) = (us (s),u2(s),- Um(s)) 


is any bounded measurable m-component vector function defined in D, for 
which 


(1.4) v(s) =A(s)u(s) 
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| is Lipschitz continuous in any compact subregion of Do, then the same holds for 
(1.5) u,(s) = P,(s)u(s), u_(s) = N,(s)u(s), 


i.e, U(8), u-(s) are bounded measurable in Do and v.(s) =A(s)u.(s) ts 
Lipschitz continuous in any compact subregion of Do. 


Proof. It suffices to prove every statement for P,(s), P(s) and v,(s) 
only. Let D, be any compact subregion of D, and let o be a positive number 
‘such that | A(s)w |S (¢—1)| wu] holds for every m-component vector wu and 


m 
for every s€ D,. Here | > |u|? with w; being the components of w. 
m 


Accordingly we denote Sav; by av. If R,(s) = (A(s) —z)* denotes the 
4=1 


resolvent of A(s) and if for OSe<o C, denotes the closed path in the 
complex z-plane which is the boundary of the region e<|z|So, Rez=0, 
then it is well known that 


(1.6) P(s) = lim R,(s) dz. 
€>0,€>0 Ce, 


The integral has to be taken as a Cauchy mean value in case ©, crosses any 
| eigenvalue of A(s). On the other hand 


(s?) (s* ) 
— R,,(s*) (A (s*) — #2) Be, (8") — (A (8) — Be, (8%) 
— — A (84) + (tte) 


This shows that for every z) which is not an eigenvalue of A(s°) the coefficients 
of R,(s) are continuous and even continuously differentiable at (s°,z)). Since 
A(s) is symmetric, all eigenvalues are real and obviously the path ©, does 
| not contain any eigenvalue except perhaps at ze. Especially we get 


(1.7) (0/0s;) Rz(s) = — R,(s) ( (0/0s;)A (8) ) Be(s). 


This shows that P,(s) is generated by a twice iterated limit process from 
a set of matrix functions R,(s) having continuously differentiable coefficients. 
_ Consequently P,(s) is measurable and, of course, bounded. Further it is well 
known that 


(1.8) P(s) = R.(s)A(s 


and 
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It suffices to prove the Lipschitz continuity of v,(s), since for u(s) =u, 
= const. the Lipschitz continuity of P(s) also follows. 
For s',s?€ D, and z254A,(s'), zA,(s?), -,m, we get 


R,(s*)v(st) — v(s?) 

(1.10) — {B(s!) — R(st)} + Bals*)(v(s!) — o(64)) 
— — + — 

Hence 

(1.11) SL] RAs (A) | 

Go 


For the second term we immediately get 


(1. 12) | f FOO) — v(s?))| dz S | v(s*) — v(s?)| 
<=c|s'—s?|, 
where 


(1. 13) c= sup {| v(s*) —v(s?)| | s*—s? |}. 
sis?; s1,82€ Dy 


Here we used that af R,(s*)dz is a contraction matrix, as easily can be 


proved. 
In order to estimate the first term let $’,A,, v=1,- + -,m, and W’,p,, 
v==1,---+,m, be the eigenvectors and eigenvalues of A(s') and 4A(s°) 


respectively and denote 

(1.14) —A(s*) = dep. 

Clearly | | Sc|s*—s?|, s*,s?€ D,, where is independent of s* and 
Obviously then we get 


R,(st)A(s*)u = 2) 
(1.15) 


R,(s*)u—= 3 (ue 
and thus 
| Bele!) (A (st) de 


m 


(1. 16) | Dd dev (Pu) y* Si (Av — 2) (px — 2) |*dz | 


K=1 


13,2 | | | | J (px —z) dz |. 
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If Ay =x 540 then the corresponding integral in the above right hand side 
vanishes. But for yr, 


(1. 17) Ar[ (Av — 2) (x — 2) =A, (A, — 2) (wx —2z)~*]. 
Consequently 


if A, and px are both positive or both negative. Further we get 


if A, and yx have opposite sign and 


(1.20) —2) (me —2) de | | 


if »x-=0. But in both cases we also get | A,(yx—A,)-? | S1. Consequently 


Be(st) (A(s*) —A (st) de 
Go 
(1.21) 
K=1 
This proves the lemma. 


2. A special eigenvalue problem. Let the operator L, in D(L,) be 
defined by 


(2.1) Lu + b(2)u(2) 
4=1 


for u€ D(L,). The matrix functions a;(z), b(z) are assumed to be m X m- 
matrices defined and continuous in a domain D of (2,- - +,2,)-space and on 
its boundary ©. The matrices a;(z) are assumed to be hermitian symmetric 
and with uniformly Holder continuous first derivatives on D+T. Further 
the domain D is assumed to be bounded with its boundary I consisting of a 
finite number of simple nonintersecting hypersurfaces which are all twice 
Hélder continuously differentiable. We assume further the operator iL, to 


be formally selfadjoint, i.e., 


n 
(2.2) b(x) + b*(z) —2 (0/02) (a;() ), D+T, 
=1 
where 6*(x) denotes the adjoint of the matrix b(z) (i.e., the transposed and 


complex conjugate matrix). 


== tl, 

1 be 
(s*) 
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Let the domain D(L,) be the space of all complex valued m-componen 
vector functions defined in D+T satisfying the following conditions: 


a) 
b) 


d) 


e) 


u, - are continuous in D. 
u(x) is uniformly bounded in D. 

lim u(a—ev) holds for every x€T, except possibly 
null set. 

v(x) =A(x)u(x) is continuous on D+T and Lipschitz continuo 


on I. 


f | Lyu |? dx <0. 
D 


Let the m X m-matrix A(x) be continuously differentiable and let its fir 
derivatives satisfy a Holder condition along the boundary T. Further let 


2.3) 


A(z) =D.ia(z)%(x) on 
4=1 


where v= (v,(2),° *,vn(z)) denotes the exterior normal on 
Let B(x) be the positive square root of (A(x) )*: 


(2.4) 


B(x) =0, (B(x))? = (A(x))?. 


For the space D(L,) we introduce the following two bilinear forms: 


(2.5) 


(2.6) 


Ju,v| = f u(r) B(x) v(x) do. 
r 


(u,v) = f (LyuL,v + tiv) dx. 
D 


Here do denotes the area element on I, and by Zw we mean the local inne 
product of the two complex valued m-component vectors z and w: 


(2.7) 


m 


m 
zw = > | 2 |? | |?. 
4=1 4=1 


Clearly both forms are positive: 


(2.8) 


fu,u] = 0, (u,u) = 0, D(L,). 


In addition the form (u,w) is positive definite: (u,w) > 0, u0, we D(Li) 
By adding ideal elements we complete the domain D(L,) with respec 
to the positive definite form (u,u) to a Hilbert space which we call $°. Sine 


the metric 


(2.9) 


| = {(u, 
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is stronger than that induced by the ordinary inner product in L, 


(2.10) <u, = f av dz, 
D 


the space §° can be identified with a certain subspace of the space §° of all 

(classes of equivalent) measurable m-component vector functions square 

integrable over D: 

(2.11) | u|?dxr<o. 

So the ideal elements can be represented by square integrable functions too. 
We still consider D(Z,) as a subspace of §, since by definition it is 

the domain of the operator L,, which is an operator of § into itself. In order 

to discriminate between D(L,) considered as a subspace of §° and of § we 

denote the set of all elements of D(Z,) considered as a subspace of §° by §°(L;). 

This additional notation will prove to be necessary in the later considerations. 
Our first aim is to prove the following 


THEOREM 2.1. There is a selfadjoint operator G@° defined mn a dense 
subspace D(G°) of ° such that 
(2.12) D(G°)D $°(L,) and [u,v] = (u, Gv), u,v€ §°(L,). 

Proof. First note that by (2.2) and Green’s formula the following 


relation holds: 


(2.13) J + drm do; u,v€ D(L,). 
D r 
We denote the bilinear form introduced in (2.13) by Q(u,v). By Schwartz’ 
inequality 
(2.14) u,v€ D(L,). 


Consequently there exists a uniquely determined bounded linear selfadjoint 


operator Q° defined in the whole space §° such that 


Q(u,v) = (Q°u, v), u,v€e §°(L,). 
Now for any x€T let 
P(x) —}(B(z) +A(z)), —A(2)), 


with the matrices A(a) and B(x) defined in (2.3) and (2.4). Denote the 
spaces of all v€ §°(L,) satisfying 
(2.17) P(x)v(xz) =0, or N(x) =0, 
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by §°’ and §°,’ respectively. Then by (2.13) 

(2.18) we §’, ve 
For our theory it is of fundamental importance that 

(2.19) §° (Li) = + 

where §°,’-+ §°’ denotes the space of all functions 

(2. 20) u(x) =u,(r) + u2(z), € € HW’. 


Clearly the inclusion C holds in (2.19). 

In order to prove the inverse inclusion we first define two projection 
operators Po(x) and No(x). Let the symmetric m X m-matrix Po(x) project 
onto the subspace of all m-component vectors which is spanned by all eigen- 
vectors corresponding to positive eigenvalues of A(x). Accordingly let Ny(z) 
project onto the subspace spanned by the eigenvectors corresponding to 
negative eigenvalues. Given now any u(x) €$°(Z,) then by Lemma 1.1 the 
function u(r) = x€T, is a bounded measurable m-component 
vector function defined for x¢€IT. Further by Lemma 1.1 A(z)u)(z) 
= P(xr)u) (rz) =4(A(z)u(z) + B(z)u(z)) is Lipschitz continuous on TI. 
Now we apply the following theorem which has been proved by the author 
in [5]. 


THEOREM 2.2. Let the domain D, its boundary I, the operator L, in 
D(L,) and the matrix A(x) satisfy all the assumptions mentioned above; 
especially let D(L,) be characterized by the conditions a) to e). Then, if 
Uo(x) is any complex valued bounded measurable function defined on T and if 


v(x) 


is Lipschitz continuous on YT, there exists an m-component vector function 
u(x) €D(L,) such that u(x) = 


Applying this theorem for our u,(z) we immediately obtain the existence of 
some u,(z) € D(L,) with u,(x) = u(x) on T. We define = u(x) — u,(2), 
Clearly then u.(z) = (1—P,(z))u(r), and therefore 
No(@)ue(x) =0, ET. Consequently (2.20) holds. This proves that 


(2.21) D(L1) C HY 


and therefore that equation (2.19) is true. 
One should observe that application of the complicated Theorem 2.? 
can be avoided if the matrix A(z) is assumed to be of constant rank. This 
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follows because then, by a well known perturbation theorem of F. Rellich [16], 
the matrix P,(z) has continuous first derivatives. Hence the vector function 
u(x) defined above also is Lipschitz continuous and its continuation into the 
interior of D+ 1 to a function u,(z) € D(L;) is trivial. In that case also 
one would be able to replace the domain D(L,) defined above by the much 
' simpler domain C*(D-+-T) of all vector functions which are continuously 
| differentiable on D+, without disturbing any of the statements which 
follow in this paper. 
Now for u€ §°,’, v€ $°(L1) we obtain the estimate 


(2.22) =| Q(u,r)| 


Therefore a vector function u°€ §° exists such that 


(2. 23) [u,v] = §°(L,). 


The correspondence w—>u°, of course, is unique and linear and therefore 
defines a linear operator which is defined in §°,’. Analogously by use of 
(2.17) for we S°’, ve $°(L,), the same inequality (2.22) can be shown 
and therefore again a w°€ §° exists such that (2.23) is true. This shows 
that for u € °,’ + §°’ = §°(L,) there exists always an element u° such that 
(2.23) holds. Simply decompose u(x) in the way indicated by (2.33) and 
define u,°. We define 

(2. 24) G%y = u°, §°(L,), 


and then get a uniquely defined herimitian symmetric positive definite operator 
which satisfies 
(2. 25) [u,v] = (Gu, v), u,v€ §°(L;). 


Now by a well known theorem of K. O. Friedrichs every hermitian symmetric 
positive definite operator has a selfadjoint extension. Let 


(2.26) ([u, (u, v) + [u, 
and 
(2.27) = (Lu, 


Let further 98° be the completion of $°(Z,) with respect to the positive definite 
metric ({u]). Then by Friedrichs one of these extensions of G” is given by 
the restriction of G”’* in D(G’*) to BP°ND(G”*). We chose this special 
extension to be our operator @° and then we proved not only Theorem 2.1, 
but also the following. 

Corollary to Theorem 2.1: the operator G° in D(G@®°) can be chosen in 
such a way that 
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(2. 28) D(G°)CP, [u,v] —(u, Gv), we ve 


Finally it is necessary to remark that for our theory it is very essential that 

already the operator GY” in D(G”) = $°(L,) is essentially selfadjoint. Thi : 
will be concluded in section 5 using a result about a special dissipatiy 
extension of LZ, in D(L,), characterized by local boundary conditions, whict 
was first obtained by K. O. Friedrichs [7], R. S. Phillips and P. D. Lax [13]. 


3. The boundary space 8. Let § be the Hilbert space of all m-con. 
ponent vector functions u(#) which are square integrable over D and let ¢u,1) 
denote the inner product as defined in (2.10). Let the operator Ly in D(I,) 
be the restriction of Z, in D(L,) to the space 


(3.1) D(Lo) = {u(x)| we D(L,), wu—0 outside a compact subset of D.). 


Let Zo* in D(Lo*) be the (strict) adjoint of Lo in D(Lo). By definition 
D(L,*) is the set of all w€ § for which an element u*€ § exists such that 
<u, Lov> = <u*,v>, vE D(Lo), and then by definition L,)*u—u*. Becauw 
of (2.2) the operator iL, certainly is hermitian symmetric and therefore we 
get Lo* D — Ly; i.e, D(Lo*)D D(Lo), Lou=— D(Le). More 
particularly we also get L,* D — L, as (2.13) shows. Since L,* by definition 
is closed we get L)>* D —L,**. It is a very essential fact for our theory that ¥ 
both of the operators of the last inclusion are equal: 


(3.2) =— L,**. 


This was proved first by K. O. Friedrichs [6]. Friedrichs calls the solution 
u€ D(L,*) of — Lo*u =f weak solutions, the solutions u€ D(L,**) of L,**1 
=f strong solutions of the differential equation Lu—f. Using a certain 
type of integral operators, the so called mollifiers, he proves in his paper that 
every weak solution is also a strong solution, i.e., that [)* C —Z,**. One 
cau easily check that the assumptions for his theorem here are satisfied. 
We now introduce the boundary space 8 by 

.3) B= H° © H°(L.**), 
where the orthogonal complement is taken with respect to the inner produc 
(u,v) defined in (2.6). Here §°(L,**) denotes the closed subspace of § 
which as a set of elements is equal to D(L,**). Using (3.8) it can easilj 
be seen that the space 8 introduced by this definition is isomorphic to the 
boundary space 8 introduced by Calkin [2]. By (2.13) we obtain the 
relation 
(3. 4) Q(u,v) = 0, UE §°, ve §°(L,**). 


that 

This 
dative 
which 
[15]. 


-COn- 
u,v) 


PARTIAL DIFFERENTIAL OPERATORS. 75 


Since §°(L,**) and B by definition are closed under the norm || w ||, every 
element §° can be decomposed uniquely : 


(3. 5) B, tly € §°(L,**). 


Therefore if u,v€ and are the corresponding 
decompositions then by (3.3): 


(3. 6) Q (u,v) = Q(¢,y). 


Hence the value of the form Q(u,v), u,v € §° is already determined by the 
orthogonal components of u and v in B. Therefore it sufficies to consider 
Q(u,v) for B. 

The notation “boundary space” is justified by the following: If 


UWE H(Lo**), 6€B, v=d+%, H°(Lo**), 
then 
(3.7) U— UV — € D(L,**). 


The elements of D(Z,.**) vanish at the boundary in some generalized sense. 
Therefore the function ¢@ determines the boundary values of uw in some 
generalized manner. One may say that uw and v have the same boundary 
values in this sense. 

According to the theory developed by R. S. Phillips in [14] any closed 
operator Jf which is an extension of L,** and a contradiction of — [,* 
corresponds to a closed subspace 


B(M) =$(M) © $°(L,**) of 


This correspondence is one to one. If M,, M, are two such operators then 
M,C M, implies 8(M,) C B(M.). An operator M in D(M) is called dissi- 
pative if <u, Mu» + <Mu,uy 0, ue D(M). It is called maximal dissipative 
if it is dissipative and if it does not have any proper extension which is also 
dissipative. . is dissipative if and only if @(1/) is negative with respect to 
the form Q(u,u): 

(3.8) Q(u,u) =0, B(M). 

M is maximal dissipative if and only if @(J/) is maximal negative with 
respect to Q(u,u), i.e., if every negative extension of 8(M) coincides with 
B(M). iM is selfadjoint if and only if B(M) is a nullspace of Q(u,u) 
which is maximal negative and maximal positive: 


Q(u,u) =0, u€ B(M) ; 
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there are no proper extensions of 8(J/) which are entirely positive or entirely 


negative. 
In order to get more information about the space 8 we remember that 


by definition 8 is the space of all ¢€ §° such that 


Hence 
L,**¢ € D(Lo*) = D(L,**) 


and 

(3.10) L,** (L,**d) = ¢. 

Here again (3.2) was used. Consequently 8 is the space of all solutions of 
(3. 11) (L,**)*b = 

Since ¢€ B implies ¢ € D(L,**), we obtain by applying L,** to (3.11) that 
(3.12) L,**¢ € B for every B. 


Therefore the operator L,** transforms the space % into itself. We denote 
the restriction of L,** to 8 by L; then (3.11) implies 


(3.13) = 1, 
On the other hand by (2.13) and (3.11) for u,ve B: 
(Lu, v) = <Lu, v> + <L*u, Lvy = <Lu, v> + <u, Lv> 
(3. 14) =Q(u,v) = (u, Lv). 
Further, if u,v € 8, then 
(3.15) (Lu, Lv) = <Lu, Lvy + <L*u, = <Lu, + <u, v> = (u,v). 


Hence Z is a hermitian symmetric and unitary operator of the space 8 into 
itself. In other words, ZL is a symmetry. Also we note that 


(3.16) Q (u,v) = (Lu, v), u,ve B. 


Consequently Z has eigenvalues at A=-+1 and A=—1 at most. (For 
special operators L, it may happen that one or both of the corresponding 
eigenspaces do not contain any element different from zero.) The identity 


(3.17) 


gives an eigenfunction expansion of the arbitrary element u€ %. The operators 


(3. 18) 3(1—ZL) 
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are the projections onto the eigenspaces belonging to A= +1 and A=—1 
\ respectively. Further we note that 


(3.19) Q(u,v) =43((14+L)u, (1+ L)v) —4}((1—L)u, (1—L)v) 
for every u,v€ B. Using these facts Phillips also proves the following 


: THEOREM 3.1. A negative subspace 8(M) of B is maximal negative 
| with respect to Q(u,u) tf and only af 


(3. 20) (1—L)®(M) = (1—L)®. 


We repeat the proof: First of all a maximal negative subspace must be 
closed under the norm of %, because otherwise the closure would be a proper 
negative extension. Since has its spectrum only at A= +1, the space 
| (1—Z)® is closed and the space (1— Z)%(M) must be closed also, because 

0> 40 (u»—u™, u™) 

= ||(1+ (us—u™) |? — || (1— LZ) —u™) |? 

and therefore 

(3.21) (1+ L)(u"—u™) |? (1—L) |? 0, 2, 

| Hence 

(3.22) un 


' converges too. Let u—limwu,; then w is in the closure of (MM) and there- 


fore in O(M). Hence v-=(1—JL)u for an element ue B(M). There- 

‘ fore if (1—Z)%8(M/) C (1— JZ) is a proper inclusion, the complement 
(1—L)B 6 (1—LZ)8(M) will contain a vector But then 

(1—L)$) S0, we B(M). 


Hence a proper negative extension exists and $(M) can not be a maximal 

negative. 

' Conversely, if (3.20) holds, then @(M/) is maximal negative. For let 

be any negative extension of and let ¢€ B(M°). Then there 

exists a y€ B(M) such that (1—L)(¢—y)=—0. But B(M°); 

hence 

0=40(¢—y,¢—¥) =1(1+ LZ) (¢—y) (¢—y) |? 
=||(1+2Z)(¢—y) 


Consequently (1+L)(¢—y)=0, ¢=—y, B(M°)=—B(M). Therefore 
Theorem 3.1 is proved. Especially we also get the following 
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The closure of a negatiwe subspace 8(M) is mazimal 
negative if and only if (1—L)®8(M) ts dense in (1—L)®. 


4, The boundary space & and the space ¥. When we consider the form 
[u,v] and the form Q(u,v) in their special expressions as boundary integrals 
then it seems to be more natural to consider both forms in another boundary 
space, which also would have more right to be called boundary space, namely 
in some space which consists of functions defined only on the boundary T. 

Let A(z) and B(x) be the m X m-matrices defined in (2.3) and (2.4). 
Let ©” be the space of all (classes of equivalent) bounded measurable m- 
component vector functions u(x) defined for x€ I only for which A(z)u(z) 
is Lipschitz continuous on I, and let 3” be the subspace of &” consisting of 
all those u€ ©” for which A(z)u(z) =0 on T. Then by (2.5) and (2.13) 
the forms [u,v] and Q(u,v) can be defined for u,v € €” and we get 


(4.1) [u,v] =0, Q(u,v) =0, if we E”, vE B”. 


It is easy to see that 8” is just the nullspace of the form [u,u] in ©”. 
Therefore, if we define 


(4. 2) €”/3” 


then the forms [u,v] and Q(u,v) induce two corresponding forms in @’ and 
the value of [u,v] and Q(u,v) for u,v€ €” already is determined by the 
residue classes of u and v with respect to this factorization. Clearly the form 
[u,w] is positive definite in ©’. We now complete ©’ with respect to the 
norm 


(4.3) [[u]] = {[u, 


and then call the completed space ©. 

We would like to compare this new boundary space with the boundary 
space %, defined in section 3. For this purpose let ZL,’ in D(Lpo’) be the 
restriction of L, in D(L,) to the space D(Ly’) of all we D(L,) which, 
restricted to the boundary, belong to the space 3”. Clearly LZ, C LZ,’ and 
(2.13) yields L,.’ C —L,* —L,**. On the other hand 


(4. 4) = D(L,)/D(L,’). 
We can introduce the metric || u || for elements u€ ©’ by defining |] wu || to be 


equal to the greatest lower bound of the || ||-norms of all elements of D(JL;) 
which belong to the residue class corresponding to wu. By setting 


(u, 0) = w+ ||? — ju—v |? + |]? + u— io 
we also get the form (u,v) defined for u,v€ ©’. We prove 
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LEMMA 4.1. 
(4.5) (u,u) > 0, ue &’. 


In other words, (u,u) is positive definite also in ©’. 


Proof. Let (u,u) =||u|/?—0 for some nonvanishing we ©’. Then 
there exists a sequence n=1,2,---, such that u°€ D(L), 
D(Lo’), € D(Ly’) and lim || u || =0. Since Q(u, v) = 0 for we D(Ly’), 

oo 


v€D(L,), and because the form is continuous with respect to the metric 
this means that Q(u°, v) =lim Q(u*,v) =0 for every ve D(L,). But 


by Theorem 2.2 there exists an element v°€ D(L,) with v°(r7) = A(z)u°(z), 
r€T. The above limit for v—v® and (2.13) furnish 


Q(u®, — | do—0 


or A(x) u°(x) =0 a.e. on This means that u°(.r) € D(Lo’) which is a 
contradiction. Therefore Lemma 4.1 is proved. 
The next conclusion is 


Lemma 4. 2. 
(4.6) = D(L,)/D(Lh’) = $° (Li) (L.**), 


where §)°(L,) is defined as in Section 2, and where §°(L,) © $°(Lo**) means 
the set of the B-components of elements of §°(L,) according to the decom- 
postition (3.5). The isomorphy includes the norm || u || and the form Q(u, v). 


Proof. Since D(Ly’) = $°(Ly’) and $°(L,’) C §°(Lo**) all elements 
_ of a certain residue class of D(L,)/D(L,’) have the same projection onto the 
space §°(L,) © $°(Lo**). We establish the isomorphy between the above 
two spaces by assigning to each residue class u€ D(L,)/D(Lo’) the common 
' projection of its elements onto the space §°(L,’) © $°(L,**). Clearly this 
defines a homomorphism of D(L,)/D(L,’) onto $°(L,) © §°(L,**) which 
preserves the vector operations as well as the norm || u || and the form Q (u,v). 
Hence we only have to show that the correspondence is one to one. Now, if 
wand v are different residue classes of D(L,)/D(Ly’), then by Lemma 4. 1 
we get | w—v|| 0. But if wu and v correspond to the same element of 
§°(L,) © §°(L,**), then u°’—v°€ D(L,**) for w°€ u, v°€ v, and thus we 
‘will be able to find a sequence w"€ D(L,’) with lim || u°—v°—w* | —0. 


sut this means that || wu—v || 0 and therefore we get a contradiction. 
For convenience we introduce the notation 
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(4.7) B’ = H°(L,) © H°(L.**). 
Then Lemma 4.2 can be expressed in the form 
(4.8) =’. 


Now we can complete ©’ also with respect to the norm |jwu||. Since this 
completion obviously is isomorphic to the space §° 6 $°(Lo**) =B we can 
state 


Lemma 4.3. The completion of ©’ with respect to the metric |u| is 
isomorphic to the boundary space B, the tsomorphy including the metric || u 
and the form Q(u,v). 


As a special fact we note that the isomorphy (4.8) introduces the form 
[u,v] also for the dense subspace 8’ of the boundary space &. 

We find it convenient to introduce as a third positive definite inner 
product the form 


(4.9) ({u,v]) = (u,v) + [u,v], u,ve © =’. 


We can complete the space ©’ = 8’ also with respect to the metric 


(4. 10) ([u]) = {([u,u]) 
We denote this completion by $$ and its dense subspace corresponding to 
¢’ = B’ by ¥’. When we consider the space §$8° defined in Section 2, then we 
find between $8, and 8° the following relation. Clearly D §°(L,’) and 
since [u,u] =0, §°(Ly’), we get ([u,u]) = (u,u), we °(L,’). This 
shows that there is a closed subspace $3 (Z,.**) of $8° which corresponds element- 
wise to §°(L,**). Now we state 

Lemma 4. 4. 
(4.11) =P (Li) OP (L.**), P(L**), 
where the orthogonal complement is taken with respect to the inner produ! 
(Lu, v]). 

Proof. We only note that ([u,v]) = (u,v) for we ve R°(L,**). 
Therefore 


B°(L1) OB"(Lo**) = © =O 


where the first orthogonal complement is taken with respect to the inne! 
product ([u,v]) but the second with respect to the inner product (u,?). 
Consequently the first formula (4.11) is proved and the second formula nov 


PARTIAL DIFFERENTIAL OPERATORS. 81 


| immediately follows from the fact that $% and {8° are defined as completions 
of $” and $°(L,) = $°(L,) respectively. Especially we get the following 


CoroLLARY. Orthogonality of u,v€ $° with respect to (u,v) and with 
respect to ([u,v]) means the same if at least one of the elements u,v ts con- 
tained in $8°(Lo**) = $°(Lo**). 


5. The operator G in D(G). Next we consider the form Q(u,v) in 
| the space ©. We refer to the definition of the spaces $°,’ and §°’ in Section 
2. §°,’, for instance, was the space of all w€ §°(L,) with 


(5.1) N(ax)u(xz) =4(B(x) =0 onP, 

and §°_’, the corresponding space with N(x) replaced by P(x). We define 
E.’ = $°.' $°(Lo*). 

Clearly ©’ = €,’ @ ©’ under [u,v]. The relation (2.18) yields 

(5.3) [u,v] = +Q(u,v), uc ve &. 


If we denote the closures of ©,’ and G’ with respect to [[u]] by €, and 


respectively, then 


By (5.3) the form Q(u,v) can be extended continuously to all we &,, ve &, 
and analogously to all we ©, ve €. Since €, and € are orthogonal com- 
plements of each other with respect to [u,v], we can define a bounded operator 


(5.5) Qu = + u, uc &.. 


We then get 


LemMA 5.1. There exists a bounded selfadjoint unitary operator Q 
defined in all of © and having its spectrum only at A=+1 at the most, 
satisfies the relation 


(5.6) Q (u,v) = [Qu, v], u, ve &. 


We now consider the operator G° in D(G°) defined in Theorem 2.1. 
First we again observe that $°(Z,’) and also its closure §°(Z,**) are null- 
spaces of G°. This follows because for ¢ = §°(Ly’), v€ §°(L,), Theorem 2.1 
and formula (2.13) imply (@°¢,v) =[¢,v] =0. 

Consequently the selfadjoint operator G° in D(G°) transforms the ortho- 
| gonal complement 8 of $°(Z,**) into itself. Hence the restriction of G° to 
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D(G) =BMD(G°) considered as a transformation of B into itself is q 
selfadjoint operator. We call this operator G in D(G@). 


Lemna 5.4. 

(5. 7) BW’ CD(G) CH. 

Proof. By definition B = §°(L,) © §°(Lo**), D(@) = D(G") — H(L,* 
and 6 $°(L,**). But by Theorem 2.1 and its corollary, $°(L,) 
C D(G°) This proves the lemma. 

Lemna 5.5. 

(5. 8) [u,v] = (u, Gv), uc ve D(G). 

The proof is an obvious consequence of (2.28) and (5.7). 


Lemma 5.6. G in D(G) CB has a densely defined inverse. 


Proof. Let Gd=0, 6€ D(G). Then by (5.8), [¢,v] = v) =0, 
v€%. But $ is dense in €, hence ¢—0. Let G’ in D(G’) be the restriction 
of G in D(G) to D(G’) =’. 


THEOREM 5.1. The operator G’ in D(G’) is essentially selfadjoint. 
Proof. Let ¢ be an element of % satisfying 


(5. 9) (¢, (G’ +1)u) =0, u€ D(C’). 

Then 

(5. 9a) (¢, +1)u) =0, ue D(G”), 

since D(G”) C D(G’) + $°(L,**) and §°(L,**) 1D(G’) under the inner 
product (u,v). Since D(G”) = §°,’+ §’, (5.9a) holds for §°,’ and 
For §°,’, by definition (¢, G’u) = Q(¢,u) = <Ld, ud + Lu) 
and on the other hand (¢,u) <¢,u>+ <L¢,L,u>. Hence (5.9a), for 


u€ §°,’, is equivalent to 


<L¢, u> + <, <L¢, =0 


(14 L:)uy—0, 
Let L, in D(L,) be the restriction of LZ, in D(L,) to the space D(L,) 
= 9°,’ C D(L,). Then it follows that 
(5. 10) <(1+ L)¢, (1+ L,)uy =0, u€D(L,). 


Hence 


(5.11) (1+ L)¢€D(L,*), (1+ L,*)(14+L)¢=0. 


or 


nner 
Tn) 
for 
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Now 

(5.12) L,* =— L_**, 

where L_ is D(L_) is the restriction of LZ, in D(L,) to D(L_) =H’. This 
follows from a theorem which first was proved by K. O. Friedrichs [6] and 
then was extended by R. S. Phillips and P. D. Lax [15] to the generality 
required here.* Hence 


(5.13) (1— L_**) (1+ L)¢=0. 
But for w€ D(L_) we get 
<<(1—Luy) 
= <u, u> + <L_u, L_uy — <L_u, uy — <u, 


= (u,u) —Q(u,u) = (u,u) = <u, uy 


since Q(u,u) = 0, wE D(L_) By closing the space D(L_) we get 


(5.14) <<(1— L_**) = wé€ D(L_**). 

Here we substitute u—(1+L)¢. Then (1—LZ_**)u=0. Hence 

(5.15) (1+L)¢=0. 

In the analogous manner we conclude that (1—L)¢=0, using (5.9a) for 
u€ D(L_) = §°’. Hence 

(5.16) + 

This shows that the inverse (1 -+ G’)-* is densely defined. Since on the other 
hand G’ is positive we get that (1+ G’)-! is bounded. Hence G’ in D(@’) 


; is essentially selfadjoint and the theorem is proved. 


Next we state 


~ 


THEOREM 5.2. The operator G in D(@) satisfies the relation 
(5.17) = LGL. 


. 


LD(G-') = D(G) 
(5.18) G-'u = LGLu, ue D(G*). 
Proof. First we note that 


Iu, &,’ 


(5.19) 


* This paper still will not cover the case where the matrix A(w#) defined in (2.3) 


| changes rank on I. A paper of the author concerned with this case is in preparation. 
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This follows because for u€ &.’, v € &’, the relation 
(5. 20) (Gu, v) = [u,v] ++Q(u,v) = (+ Lu, v) 
holds, Now (5.19) and the relation L? —1 yield 


_§ In, 


Replacing u by Lu in (5.21) we obtain 


= 


(5. 22) Lu= 
Hence 


_f Lu, 
(5. 23) LG’"*Lu wee. 


and therefore 

Iu€D(G"*), we D(G’), 
(5. 24) 

L@’Iu=G’u, we D(C’). 
Now, given any w€ D(G@) there exists a sequence u"€ D(G’) with 1, 
Gu" — Gu, because by Theorem 5.1 the operator G’ in D(G’) is essentially 
selfadjoint. Hence LG"Lu"=—Gu"— Gu. Since L is bounded, Lu" con- 
verges to Lu. Also G*Lu"—G "Lu. Consequently Lue D(G*) and 
LG*Lu= Gu, ue D(G). Hence LG*L=G and Gt=—LGL which proves 
Theorem 5. 2. 

Let £, be the spectral resolution of G in (G@). Assume F), to be con- 

tinuous from the right. Then set 


(5. 25) A>1. 


Obviously F is a projection for every A > 1 and this projection is orthogonal 
under all three of theinner products (u,v), [u,v] and ([u,v]). 


THEOREM 5.3. Fy) commutes with L: 
(5. 26) F\L = LF), 
Proof. The relation G-'=LGL yields = Lf(@)L, i.e., 


first for analytic functions, then, by passing to the limit, also for any arbitrary 
piecewise continuous function f(A). Now set 


1, ASp 
5. Q7 — 
fu(A) 0, elsewhere 
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then 


A= 
elsewhere. 


(5.28) fat) =} 


Hence 


u-1-0 
Consequently 1 — = LE,L or (1— = 0<w<o. Finally 
we observe that for Fy = Hence 
F\L = LE) = L(1— Ey = LF). 


This proves the theorem. 


6. Boundary conditions in © Let P, and N, be the projections of & 
onto the closures & onto the closures ©, and €_of &,’ and G_’ respectively. 
Obviously these projections are locally given by 


(6.1) Pou = P,(2)u(z), 
where Py(x) and N(x) are the matrices defined in Section 2. Now we state 


THEOREM 6.1. 

ue D(G), 
(6.2) 
Nou=4(1— GL )u, ue D(G). 

This for w€ D(G’) simply follows from (5.22). For w€ D(G) we 
simply obtain it by choosing a sequence u"€ D(G’) with u"—>u, Gu"— Gu 
under || w || and passing to the limit no. Now let %, and _ be the closure 
of &,’ and ©’ under the norm of &. 


THEOREM 6. 2 
(6.3) D(G) =P. + P.. 

Proof. Let u"€ under the norm of By (5.21) we 
implies Gu" = Lu"—> Lu. Hence Gu” converges also and therefore u€ D(G@). 
Hence $B, C D(G) and analogously P_ C D(G). 

Finally let w€E D(G); then u—P,u + Nou and 

Pu=4(14+ G'L)ue D(G), 


(6.4) 
Nou=4(1—G'L)ue DG). 


Hence 
(6.5) B,, Nowe 
and (6.3) is proved. 
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Next we consider the operator Fy, A > 1, defined in the preceding section. 


THEOREM 6.3. 
(6.6) C Fy\E_ C 
Proof. Let ¢€ &,’. Then =F) Hence 
N = 4 (1 — = 0, E,’. 


Given any ¢€ there exists a sequence $"€ with ¢"—¢, under 
the norm of ©. But F) is bounded under the norm of €. Hence Fy)¢"— Fy¢ 
under the norm of €. Since N,F,\¢"—0, it follows that NoFy¢—0 which 
proves that F,¢€ &, for ¢€ E,. Since on the other hand F,u€ $ for every 
u€ & and every 1 <A <0 we obtain Fy¢ € ¥, and hence the desired inclusion. 
The second inclusion is proved in the analogous manner. 

We will use now the operators P, and N, to define dissipative boundary 
conditions. This simply can be done as follows: Let J be any contraction 
operator mapping into &,: 

&,, 


(6. 7) 
Then we can impose the condition 

(6.8) Pou =IN gu, uc &. 


Let M(JI) be the space of all wé€ $ satisfying (6.8). Using this space we 
define an operator M(J) = M in D(M) by the following prescription: 


D(M) {ue D(L,)|u—¢+ Uo E D (Lo**), PE M(T)}, 


(6.9) 
Mu=L,**u, w€D(M). 


We intend to show that, under a further condition, M in D(M/) is essentially 
maximal dissipative, i.e., its closure is maximal dissipative. In order to prove 
this, we first mention that the operator MV is dissipative: 
(Miu, uy + <u, Muy = Q(u,u) 
= [u, Qu] = [Pou, Pou] — [Nou, Nou] 
because of (6.7) and (6.8). Further, in order to investigate the maximality 


we use the Corollary of Theorem 3.1. Accordingly we have to try to prove 
that (1—L)M(Z) is dense in (1— L)8 under the norm of 8. Now M(J) 
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‘consists of all elements u€ which are of the form N,v + IN ov, ve &. 
' We define the operator W by 


(6.10) W = (1—G@)(14+ 


Obviously W is a bounded selfadjoint operator under each of the three norms 
jul, [[w]] and ([u]); also W commutes with G. The norm of Wis=1 


in all three spaces © and 
THEOREM 6. 4. 
(6.11) WE, Cc ©, WGC &,. 


Proof. To show this first inclusion let ¢ = Wy, then (1+ G)¢ 
=(1—G@)y. But by (5.21) GY=Ly, ye Hence (1+ = (1— L)y. 


Since $(1— JL) is a projection, we conclude that 
3(1—L) (1+ (1—L)y= (1+ @)¢. 
| But by Theorem 5.2 and Theorem 6.1 
(1—L) Nop = $(1—L) (1— G4) (1 —L—LG + @)g 
=3(1—L) (1+ @)¢. 
Hence (1—L)N.od¢ = (14+ G)od. Again we use relation (5.40) and then 
get (1+G4)Nod= (1+ G)¢. Dividing by 1+ G results in 
(6. 12) Nod = 4,5 &. 


By closing the space €,’ we get the same for every y€ &,. In the analogous 
' manner we prove the second inclusion. 
Using Theorem 6.2 we see that the operator WJ is a bounded trans- 
' formation of G_ into itself; especially: 


(6.13) we. 


Actually it follows that 
(6.14) [[Wu]] <[[v]] for u0, we &, 


' and therefore in (6.13) the relation “<” holds unless u=0. Therefore 
certainly the inverse (1 + WI)-? exists as an operator transforming a certain 
| dense subspace of ©_ into G.. Let us assume that (1+ WI)- is bounded 
under the norm of ©. This is certainly true if, for instance, the inequality 
' (6.7) can be strengthened to 


(6.14) S (’—e)[[u]], uve «>0. 
Denote the space WI)7_ by Clearly C 
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THEOREM 6.5. If R(1), then 
(6.15) u=Nov+INov=v+ 
Proof. Let v€ R(Z). Then by definition of #(Z) 
(6. 16) (1+ WI)ve D(G). 
Hence (1—LZ)(1-+ WI)v exists and by Theorem 6.1 
(6.17) (1—L)(L+ WI)v= (14+ G) (14+ WI)». 


Now set u=v-+Iv and consider F,u, A>1, with Fy being the operator 
defined in (5.25). By definition of W and F) both operators commute. By 
(6.17) and Theorem 5.3 we obtain 


(6.18)  Fy(1—L)(1+ W1)v=(1—L) + (1—L) 


By Theorem 6.3 Fyv€ B_, € B,. Hence by Theorem 6.4 and 
therefore by Theorem 6.1 and Theorem 6. 2 


(1—L)WF\lv = (14+ = (1— G) = (1— L) Fylv. 
Hence (6.18) yields 
(6.19) F\(i—L)(1+ Wl)v= (1—L)F\(v+ Iv) = (1—L) Pyu. 
Finally we observe that the following inequality holds: 
(6.20) | w [[w]]2, 
To prove this we simply remark that for w€ D(G@) the right hand side 
becomes 
|| w +3 || Lw |? —3{(w, Lw) + (Lu, w)} + (w, Gw) 
= || w |? + (w, (@—L)w) 
= || |? + Now] 
= |’, 
since NV, is positive under [w,w]. For w€ § arbitrary we now simply choose 


a sequence w” tending to w under ([w]) and then pass to the limit. Applying 
(6.20) for w= F)u we obtain 


(6. 21) Eyu ||? = || Pyw ||? S 3 — ZL) |? + [[Pru] 
Now passing to the limit A—>oo the right hand side tends to 
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44 (1—L) (1+ W1)v |? + }? 


which is a well defined number. Hence the integral f d || Eywu ||? exists 
0 


and therefore B. Since trivially holds we get which proves 
Theorem 6.5. Now we will be able to prove the maximality of M in D(M). 


THEOREM 6.6. If (1+ WI) is bounded under the norm of € then 
the operator M in D(M) ts essentially maximal dissipative, t.e., it closure 
is maximal dissipative. 

Proof. We simply observe that by Theorem 6.5 every u=v-+ Iv, 
v€ R(Z), is contained in Mt(J). This is true because by Theorem 6.5 we $ 
and because v€ (7) C &, Ive &, and therefore 


Now for any such uw we get 
F\(1—L)u= (1— L) Fw = (1— L) + (1—L) 

= (14+ G)Fyv+ 1—G@)Fylv 

= (14+ G)F\(14+ Wl)v= (1—L)FP\(1+ 
But by definition of R(Z) we get (1 + Hence (1+ WI)ve 
and Fy\(1—L)u=F\(1—L)(1+wI)v. Passing to the limit Aco we 
obtain (1—L)w=—(1—L)(1+WI)v. Hence the space (1—L)M(J) 
contains the space 

(1— LZ) (1+ = (1— 

Consequently we only have to show that (1—JL)_ is dense in (1—L)®B 
under the norm of 8. Now let Lf ——f and 
(6. 23) (f, (1—L)u) =0, 
then also 


(6.24) (f, L)u) =((1+L)f,u) =0, Ue PB. 
Hence 
(6. 25) (f, Lu) =0, 


Now replace u in (6.25) by Fw. This is legitimate because of Theorem 6. 3. 
Hence by Theorem 5.3 


(6.26) O—(f,LF\u) = (f,F\Lu) =— (Fyf, Gu) =—[Fyf,u], B. 
Consequently Fyf € B..1<A<oo. If A tends to o then Fyf tends to f under 
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the norm of 8. But for v€ $, we obtain the estimate 
[v, v] = (v, Gv) = (v, Lv) S (v, 0) 


or [[v] ] vl], v€ Hence Ff converges also in and therefore f€ §,. 
But Lf ——f and therefore 


(6 Gf) =(624f) =— (hf) 


Hence f ~0 and the theorem is proved. 

Finally it should be remarked that obviously the same calculations can 
be carried through for the operator — JL, instead of the operator L, defined 
in (2.1). Then we obtain the same boundary spaces, etc., but §°,’ and §°/, 
€, and &_, etc., get reversed. For the operators M we then get that —- M/ is an 
essentially maximal positive continuation of Ly. Hence the preceding theory 
also can be applied for getting maximal positive operators MM. This and 
Phillips’ criteria mentioned in Section 3 will imply the following 


TuHerorEeM. If I is a unitary transformation under the norm of E mapping 
€_ onto ©, and if (1+ WI) is bounded under the norm of ©, then the 


operator iM in D(M) is essentially selfadjoint. 
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ON THE STIEFEL-WHITNEY CLASSES OF A MANIFOLD.*! 


By W. S. Massey. 


1. Introduction. It has been well known for many years that various 
relations must hold between the Stiefel-Whitney classes of the tangent bundle 
of a manifold which do not hold for the Stiefel-Whitney classes of an arbitrary 
sphere bundle. For example, Whitney [6] showed that the 3-dimensional 
Stiefel-Whitney class of an orientable 4-manifold is always zero. The three 
main theorems of this paper are results of this kind. They assert that for 
certain integers n and k, the k-dimensional Stiefel-Whitney class (or dual 
Stiefel-Whitney class) of a compact n-manifold (or a compact orientable 
n-manifold) is always zero. 


2. Statement of results. Throughout this paper we will use only the 
ring of integers mod 2, Z,, for coefficients of any cohomology groups or co- 


homology classes considered. The notation M” will be consistently used to 
denote a compact, connected, n-dimensional manifold, w,;€ H‘(M",Z.) will 
denote the 1-th Stiefel-Whitney class of its tangent bundle, and #;€ H‘(M",Z,) 
will denote the i-th dual Stiefel-Whitney class. The Stiefel-Whitney classes 
and dual Stiefel-Whitney classes are related by the following formula: 


(2.1) = 1. 


According to the Whitney duality theorem, the %; are the Stiefel-Whitney 
classes of the normal bundle for any differentiable imbedding of M/™ ina 
Euclidean space of any dimension.? 

The following three elementary properties of the Stiefel-Whitney classes 
of an n-manifold M” are well known (see Wu [7]): 


* Received February 20, 1959. 

* During the preparation of this paper, the author was partially supported by @ 
grant from the National Science Foundation. An abstract announcing the three mail 
theorems of this paper was submitted to the American Mathematical Society in 
December, 1958 (see Notices Amer. Math. Soc., vol. 6, p. 143). 

2In his thesis [5], R. Thom showed how to define the w,; and #, when differen 
tiability hypotheses are lacking. 
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If n is odd, w,=0. 

w,==0 if and only if M™ is orientable. 
(2.4) For any n, 
Qur theorems extend these results. 


THEOREM I. Let M” be a compact, n-manifold and let q be an integer 
such that O<q<n. If then there exist integers hy,- such 
that hy; and 


n—=Qh4 Qhet. -4 Qhe, 


| Moreover, if M" is orientable, the following additional restrictions must be 


imposed : 
(a) 
(b) Jf n=2mod4, then 
(c) An odd number of the hs are not equal to hg+1. 


The proof of this theorem will be given in §4. For the present, we will 
list the following corollaries.* 


Corotuary 1. If ®,.~0, then n is a power of 2 and M*" 1s non- 
orientable. 


This is the case g=1 of the theorem. Note that for n-dimensional real 

projective space one actually has #,_, 40 if n is a power of 2. To prove this, 
one can use the determination of the Stiefel-Whitney classes of n-dimensional 
' real projective space by E. Stiefel [4] and formula (1) above. 


CoroLLARY 2. If Dp. AO, then n == 2*(2" 1) for non-negative integers 
hand k. In addition, if M" is orientable, the cases n= 2(2*-+ 1) forh>0 


and n= 3.2* are not possible. 


This is the case q=2 of the theorem. 2*(2"-+ 1) = 2#*? + 2%, so let 
jh,=k-+h and h,—k. The two excluded cases correspond to cases (b) and 
' (c) respectively of the main theorem. 


3. If n= 2"—1, then fori >n—r. 


Proof. Since --+ 27-1, the minimum value of 
which can occur in Theorem I is g=r. 


*T have been informed by A. Shapiro that the result stated in corollary 1 has been 
obtained independently by A. Dold. 
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We leave it to the reader to derive other consequences of Theorem |, § 
In doing this it is often useful to observe that the following two condition & 


are equivalent: (a) n=2%-+ 2%+---+2% for non-negative integers 


hi, * *,hq (b) In the dyadic expansion of the integer n, the digit 1 doe 


not occur more than q times. 
THEOREM II. If n is even and M* 1s ortentable, then Wri= 


Wu indicates a proof of this result in case n==2mod4 (see [7]). The 
proof for the case n=0 mod 4 if given in § 5. 


THEorEM III. If n=3mod4 and M* is orientable, then 


== Wn-2 = 0. 


This theorem is an easy consequence of Wu’s formulas [7]. The proof 
is given in $3. 

In a certain sense, Theorems II and III together with statements (2.2) § 
and (2.3) are the best that one can hope for in this direction. This may le 
seen by consideration of certain examples, as follows: * 


In the case of non-orientable manifolds, statement (2.2) above is the fe 
best possible. For if n is even, n==2k, then M™—(P,)* (the Cartesian 
product of k copies of the real projective plane, P.) has non-vanishing Stiefel- 
Whitney classes in all dimensions, while if n is odd, n=2k-+1, then 
M" = (P.)* X S' (where S* denotes a 1-sphere) has non-vanishing Stiefel- 
Whitney classes in all dimensions < n. 

The case of orientable manifolds is more complicated. First consider the 
case where n=4k. Let P.(C) denote the complex projective plane (a 4% 
dimensional manifold), and let M"—[P.(C)]*, the Cartesian product of i® 
copies. Then w; 0 for all even integers i =n; in particular, 
Theorem II can not be improved if n—=4k. If n—=4k+1, one may obtain 
examples of an M” for which w,z.0 by taking M™=—[P.(C)]* x S', a 
M" = P(1, 2k), a manifold considered by A. Dold in [1]. For n= 4k +?, 
one may obtain an example of an M*” for which w,.0 by taking J" 


‘For the proof of the assertions made in the following paragraphs about thes 
example, the following result is needed. Let M and M’ be compact manifolds, Identify 
the cohomology ring of the product space, H*(M x M’,Z,), with the tensor product 
H*(M,Z,) @ H*(M’,Z,) as usual. If and w’=14+w,4+ 
+: +: denote the total Stiefel-Whitney classes of M and M’ respectively, then w @ 
is the total Stiefel-Whitney class of M x M’. For the proof, see Thom, [5], pp. 142-143 
One also needs to know that for the real projective plane, P2, 2, ~0 and w, ~ 0 (se 
[4]); for the circle, 81, w,=0; and for the complex projective plane, P,(C), w,#! 
and w,~0. The Stiefel-Whitney classes of Dold’s manifolds P(m,n) have been co: 
puted by Dold [1]. 
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| =[P.(C)]* xX S* or M"=P(1,2k)X therefore Theorem II can 
' not be improved in this case either. Similarly, for n—=4k-+3 one obtains 
examples where Wn-3 ~0 by taking M" [P.(C) ]* [S*]* or = P(1, 2k) 
» XS! xX S$. Thus Theorem III can not be improved. Whether or not Theorem 
' Lis a best possible theorem in this sense seems like a much more difficult 


question. 
Of course there are other directions in which one could try to extend 
- these theorems. For example, one could try to determine more general kinds 
of relations between Stiefel-Whitney classes of a manifold. An example is 
the relation w,w.—0 which holds in all manifolds of dimension =5 (see 
| Wu [7]). This important problem seems very difficult, and outside of the 
§ case considered by A. Dold in [2], very little is known about it. One of the 
' most pertinent problems in this connection is the following: Can any relation 
' which holds between the Stiefel-Whitney classes of every n-manifold (or every 
' orientable n-manifold) be derived from the formulas of Wu ([7] and [8])?° 
: It should be pointed out that Theorem I may have implications for the 
problem of determining the lowest dimensional Euclidean space in which it 
| is possible to imbed a given manifold. Whitney has proved that it is possible 
/ to imbed any n-dimensional smooth manifold differentiably in 2n-dimensional 
Euclidean space. Moreover, if n = 2*, then it is possible to give an example 
| of an n-manifold which can not be imbedded in Euclidean (2n—1)-space: 
 n-dimnsional real projective space P, is such an example. To prove that P, 
can not be imbedded in Euclidean (2n—1)-space if n = 2* one uses the fact 
that ®,1540. On the other hand, Corollary 1 of Theorem I shows that 
| ,.—0 for any n-manifold if n is not a power of 2. Thus it is natural to 


.@ ask the following question: If n is not a power of 2, can any n-manifold be 


| imbedded in Euclidean (2n—1)-space? If the answer to this question is 
“no,” it will require new methods to prove the existence of a counter-example.> 


3. Notation and preliminary results. We will use the following nota- 
tion and ideas in what follows. They are due to W. T. Wu [7]. 
(a) U,€ Hi(M",Z,) is the unique cohomology class such that 

(3.1) U,=S8Sq'(z) 


for any x€ H"-i(M",Z,). The existence and uniqueness of the U; follow 
from the Poincaré duality theorem. Note that U) 1, and U;=0 if i> 4n. 


° As a matter of fact, it was the search for examples of n-manifolds with w,. ~ 0 
| which led the author to the discovery of Theorem I. 
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(b) The cohomology classes U;€ H‘(M*,Z,) are defined inductively by 
the equation 


Here again U, 1. However it is not true in general that U; 0 for i> $n. 
Wu proved the Stiefel-Whitney classes and dual Stiefel-Whitney classes 
may be expressed in terms of the U; and U, respectively as follows: 


(3. 3) We = Ui, 
(3.4) = > Sq 


These formulas are basic for all later computations. 
In the following lemmas we record for later use some well known facts. 


LemMMA 1. A compact n-manifold, M”, is orientable if and only if the 
homomorphism H"*(M",Z,.) H"(M",Z.) is trivial. 

This lemma is easily proved by using the fact that the homomorphism 
Sq' is composition of the Bockstein homomorphism together with reduction 
mod 2, plus the known structure of the integral cohomology group in dimen- 


sion n of an n-manifold. 
Lemma 2. If M* is orientable, then Sqi:H**(M",Z,) > H"(M",Z,) 
ws zero for 1 odd. 


This follows from the known fact that Sq‘ = Sq'Sq** for 1 odd, together 
with Lemma 1. 


Lemma 3. If is orientable, then ==U,=0 for odd. 


The fact that U; 0 for 7 odd follows from Lemma 2 and the definition 
of U;. Then one can prove that U;—0 for i odd by using formula (3.2). 

In our proofs we need to make use of known properties of Steenrod squares 
and iterated Steenrod squares. For the sake of convenience, we will use the 
terminology and notation of Serre [3]. We assume the reader is familar 
with the properties of Steenrod squares as listed in §2 of Serre’s paper. 
Especially frequent use will be made of the properties of the homomorphism 
Sq’. According to Cartan’s formula, 


(3.5) Sq'(t-y) = (Sqr) -y +2: (Sq'y), 
i.e., Sq* is a derivation of the algebra H*(X,Z.). In particular, 
(3.6) Sq (a*) = kr - 
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for any positive integer k. Note also that 
= 0. 

This implies that for any odd integer 1, 

(3.8) SqSqi =0. 


We conclude this section by proving Theorem II. For an orientable 
manifold M" of dimension n = 4k + 3, U; 0 unless 7 is even and 0 =i 2k 
(see Lemma 3). From this and (3.3) it follows that w;—0 for 1> 4k as 


desired. 


4. Proof of the Theorem I. In the proof of Theorem I, frequent use will 
| be made of the properties of iterated Steenrod squares. If I = (t,%2,- - -,t,) 
is any sequence of positive integers, then the notation Sq! denotes the iterated 
Steenrod square SqSq*- - - Such a sequence J = is 
admissible if 1, = 22, t = 2g,° 4-1 =— Every iterated Steenrod square 
' may be expressed as a sum of admissible iterated Steenrod squares by repeated 
» use of Adem’s relations (see Serre [3], § 32). 

With any admissible sequence of positive integers = (1, %2,° - one 
may associate a sequence of non-negative integers (@1,%2,°-*,@,) by the 
formulas 


(4.1) == — 21g, Ay == — — My, Up = 


It is clear that the sequence (,,- - -,,) determines without ambiguity the 
sequence The integer n(J) - --+4%, is called the degree 
of J, and e(I) =a, -+ a, is called the excess of I. 


Lemma 4. For any mod 2 cohomology class x, Sq'(x) =0 if the degree 
of x 1s less than the excess of I. 


The proof depends on the fact that Sq*(x) =0 if k is greater than the 
| degree of z. The details are left to the reader. 


Lemma 5. Let I=(t,,:--,i,) be an admissible sequence of excess 
e(1). Then there exists a unique admissible sequence J = (j:," *, J) and 
| 4 power of 2, m= 2*, such that for any cohomology class x of degree e(1), 


Sq! (2) — (Sq'2)™ 


and e(J) <e(Z). 


For the proof, see the proof of Lemma 1, p. 204, of Serre [3]. 
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Lemmas 4 and 5 together show that when considering iterated Steenroj 
squares operating on cohomology classes z of a fixed degree q, we can restrict 
our attention to those iterated squares Sq! such that e(J) Sq—1. In this 
case it is convenient (following Serre [3], p. 212) to let a —q—1—e(I), 
Then one can derive the following formulae in case z is any mod 2 cohomology 


class of degree q: 
degree (Sq’z) =n(I) + q 


(4.2) (2—1)a +9 +4 
4=1 


r r 
= 24a, +4 +1 
i=1 i=0 


Since Sapa, +6(Z) =g—1, there are in all (q—1) powers of 2 in 
bias. (4:5). Therefore we can rewrite this formula as follows, 

(4.3) degree (Sq/r) = 1+ 2%+4 Qher, 

where hy =he=- and occurs times in this sum (this is 


formula (17.5) of Serre [3], p. 212). 
Next we will prove a couple of lemmas which are needed in the proof 


of Theorem I. 
Lemma 6. Forany H*(M",Z.),0<k <n, => 


Proof. By equation (3.4), 


By equation (3.2), 
UU 


i>0 
hence 


Therefore if H*(M",Z.), 


But 


== (Sqta) 
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from which it follows that 


4>0 r=1 


= > (Sq'r) 
0<rsi 

r>0 


= > (Sqr) On 
r>0 
as was to be proved. 
Lemma %. The homomorphism H*(M",Z.) >H"(M",Z.) defined by 
1s a sum of iterated Steenrod squares. 


In view of Lemma 6, this lemma is obvious: one applies Lemma 6 
repeatedly until the desired reduction to a sum of iterated Steenrod squares 


is obtained. 

We are now in a position to prove Theorem I. Assume that ®p_¢ 
€ H"-4(M",Z.) is non-zero. By the Poincaré duality theorem, the homo- 
morphism H4(M*,Z,) H"(M",Z.) defined by is also non-zero. 
By Lemma 7, this homomorphism is a sum of iterated Steenrod squares, which 
we may assume to be admissible on account of Adem’s relations. Hence the 
hypothesis of the theorem implies the following statement: There exists a non- 
zero admissible iterated Steenrod square 


Ha(M",Z.) > H"(M*,Z,), 


where = - -,i-). By Lemma 4, e(Z) <q. Moreover, if e(I) =gq, it 
follows from Lemma 5 that there exists an admissible sequence J = (j1,°--, js) 
and a power of 2, m = 2*, such that 


Sq'(x) = [Sq’(x)]™ 
and e(J) <q. Therefore 
n = degree (Sq'x) = 2*- degree (Sq/x) 
2k (Qh 4 Qker4 1) 


by equation (4.3). Here k,,k.,- -- are integers such that k, [k,=--- 
If now we let 


(4. 4) 


(4. 5) hi = k, he => k, k, + k, hg= k, 
then (4.4) takes the form 
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(4. 6) m= Qi + - 


with h; Zh, =: and the first part of the theorem is proved. 
Next, we will assume that M* is orientable and prove the remaining 
parts of the theorem. In this case we can apply the results of Lemmas | 
and 2. 
First assume that g=1. Then n=2" from what we have just proved, 
and h, =k according to equation (4.5). Therefore the only non-zero iterated 


Steenrod square 
Sq': H?(M", Z.) > H"(M"*, Z.) 


would be of the form Sq/(x) = x" with n= 2*. Since n is even, 2" = Sq'(x"") 
by equation (3.6). By use of Lemma 1, we see that if "0, then M* is 
non-orientable, as was to be proved. 

Next we will consider the case were n==2 mod 4, i.e., n = 41 -+ 2, and 
hag=1. Then it follows from (4.5) that k 1. Therefore Sq!(r) = [Sq/(z)]*; 
and by equation (4.4), 


n = degree (Sqr) = 2- degree(Sq’r). 
Hence degree(Sq/z) =n/2=21+1. Thus 
Sq! (x) 


which is zero by Lemma 2. But this is a contradiction. Thus part (b) of 
Theorem I is proved. 

Finally, we consider the case where an odd number of the h,’s are equal 
to hg+1. Then it follows from equation (4.5) that an odd number of the 
ks are equal to 1. Thus in (4.3), the summand 2? occurs an odd number 
of times,® i.e., «, is odd, it follows from equation (4.1) that j, is odd in the 
expression 


Sq’ (x) = [Sq’(x) ]™ = 
where m = 2*, Since j, is odd, 
Sq" = 
and Sq'Sq/(r) =0 by equation (3.8). Therefore 
[Sq’ (x) ]™ = - [Sq’ (x) ]™*} 


which is again zero by Lemma 1. Thus we have again reached a contr- 
diction, and part (c) is proved. 


* Actually, we are here concerned with the analog of equation (4.3) which is 
obtained by replacing J by J and h, by k, for i=1,2,: - -,q—1. 
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5. Proof of Theorem II for the case n=Omod 4. The following well- 
known lemma will be used in the course of the proof: 


Lemma 8. If x 1s a mod2 cohomology class of degree 1, then 


Sq (at) = Cha, 


where C# is the binomial coefficient reduced mod2. In particular, tf k is a 
power of 2, then Sqix* unless or j =k. 


The proof is left to the reader. 
Now assume that 1” is a compact orientable manifold of dimension 
n=4k. Then 
= Waa = 


by (3.3). To prove that 0, it suffices to prove that wy. for 
any H1(M",Z). Now 


Uox) + (Sq'x) (Sq**-?U ox). 


However the first term on the right is zero by Lemma 2, and in the second 
term, Therefore 


We will now show that if p = 2¢ is a power of 2 and 2 Sp < 2k, then 
To prove this, one computes as follows: 
(5.3) x? Sq?k-P Uy, = Sq?*-P (x? - Vox) 4+ 
Here we have used the formula for the Steenrod square of a cup product 
together with Lemma 8. Next, note that 
Sq?*-? (2? = (2? U%*) 
(5.4) = Use») = Sq** (2? 
(xP — U* 3-5 
== - =0 
by (3.5), (3.6), and Lemma 1. Substitution of (5.4) in (5.3) gives (5.2), 
as desired. 


One can now apply (5.2) to (5.1) repeatedly with p—2,4,8,---, in 
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succession. If n is not a power of 2, this procedure leads to the result that 
2° Wy-1 = 0, as desired. If n is a power of 2, this same procedure shows that 


for any H'(M",Z). However in this case, since n is even, 


am 


by (3.6). But Sq*(x"?) =0 by Lemma 1, as was to be proved. The proof 
of Theorem II is complete. 
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ON A SUBALGEBRA OF L(— «, «).* 


By JoHN WERMER. 


Let Z denote the group algebra of the real line, i.e. the algebra under 
convolution of summable functions on (—oo, co) with norm defined by 


| f()| ax 


Let L* be the closed subalgebra of L consisting of all functions in LZ which 
vanish on the negative half-line. 

' In his paper “On the Maximality of Vanishing Algebras,” [3], A. B. 
‘Simon refers to the following result: 


THEOREM. L* is a maximal closed subalgebra of L. 
We now give a proof of this theorem, by deducing it from the following: 


Lemma. Let B be a commutative semi-simple Banach algebra with 
mavimal ideal space the unit circle |X|—=1, hence a function-algebra on 
Assume: 


(1) The functions » and 1/A lie in B and generate a dense subalgebra 
of B. 


Let B+ be the algebra of those functions in B which have continuous exten- 
tsions to |X| which are analytic in |A| <1. Then Bt is a mazimal 
“subalgebra of B. 


Proof. B* contains all powers of A with non-negative exponent. Let Q 
"be any closed proper subalgebra of B containing B*. Then 1/A¢ Q, for else 
A"€Q for all integers n, whence Q =B by (1). Hence there exists a multi- 
plicative linear functional x on the algebra Q with x(A) =0. . For all f in 
then 


|x(f)| Slim f* — lim —max | 


‘By the Riesz representation theorem, there exists a measure dy on | A | = 4, 


* Received February 24, 1959. 
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104 JOHN WERMER. 
with 
J (Adda (a), all f in Q. 


In particular, if g€Q, A"-g™-ACQ if nz=0, m=O, and x(A"g™A) =0, 
since x(A) =0, whence 


o— g™(a)a" do(A), n,m = 0, 
Al=1 


where do(A) =Adp(A) +0. It follows from this, by a theorem given in 
[1], that g admits an analytic extension to |A| <1. Since this holds for all 
g in Q, Q9=B*. This proves the Lemma. 


Note. This Lemma was suggested to the author by the reasoning of 
Singer and Hoffman, in their paper, [2]. The same Lemma was indepen- 
dently noticed by DeLeeuw. 


Proof of Theorem. We prove the maximality of L* by introducing a 
related algebra B on the unit circle which satisfies the conditions of the 
Lemma. To each f€ LZ assign f* on |A|=1 defined by 


Put B={f*+c|fe¢L, ¢ a constant} and norm B by setting || f*+c|s 
= |, +|¢]. Then B is a commutative semi-simple Banach algebra, since 
L is, and also 1€ B. Also the maximal ideal space of B is the unit circle. 
We claim A and 1/A€ B. For let f,(x) =0, f,(x) = 2e-", 
Then f,€ Landsof,*€ B. But B. Similarly, B. 
We next claim {A"| —«o <n <0o} span B. For let ® be any bounded linear 
functional on B. By the well-known representation of such functionals on [, 
there exists a bounded function ¢ on (—,0) with 


— f all fe L. 


Let fm be the m-fold convolution of f;. Then fm(z) 
= Cmt™-1e-7, =—0, Cm a constant. Let @ be a bounded linear functional 
on B with @(A") =0, n=0,+1,+2,---. Then 


f dz, m=—1,2,°°- 
0 
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Hence =0, Similarly =0, Thus and so 
{av | —o<n<o} spans B as claimed. Let now B* be the algebra of 
functions in B admitting analytic extensions to |A|<1. Since B satisfies 
(1), as we have just seen, Bt is maximal in B by the Lemma. 

We now claim that Bt={f*-+c| fe L*, c constant}. If fe L, the 
function F' defined by 


F(s) = dx, s=it, real 


is related to f* by f*(A) = F((1+A)/(1—A)). Hence f*-+ ce Bt if and 
only if F admits an analytic extension to the right half-plane, continuous in 
the closed right half-plane, including «. It is clear that this occurs if and 
only if f€ L*. Thus Bt—{f*-+c| fe L*, ¢ constant}, as asserted. Let K 
be any closed proper subalgebra of Z containing L*. Put K* = {f*+c|feK, 
c constant}. Then K* is a closed proper subalgebra of B, and since K > L*, 
{f*-+¢| f¢€ L*, constant} which is Bt, as we just saw. Since Bt is 
maximal, K* — B+, and so K =L*. This proves the theorem. 


BROWN UNIVERSITY. 


REFERENCES. 


{1] J. Wermer, “On algebras of continuous functions,” Proceedings of the American 
Mathematical Society, vol. 4 (1953), pp. 866-869. 


[2] K. Hoffman and J. M. Singer, “ Maximal subalgebras of C(I),” American Journal 
of Mathematics, vol. 79, No. 2 (1957), pp. 295-305. 


[3] A. B. Simon, “On the maximality of vanishing algebras,” American Journal of 
Mathematics, vol, 81, No. 3 (1959), pp. 613-616. 


1 in 
r all 
of 
pen- 
ig a 
the 
‘ince 
rele, 
> (). 
€ B. 
near 
on L, 
(z) 
onal 


LIMIT PROPERTIES AT ZERO OF THE MARKOV SEMI-GROUP,* 


By RaraEL V. CHAcON.* 


Introduction. Let (9, #%,P) be a probability triple, and @ be a Borel 
field of sets of points of X, and {x(t,w),¢€(0,+)} be a Markov process 
with state space XY, and with (stationary) transition (probability) function 
P;(z,A). In other words, there exists a function P;(z,A), defined for 
t€(0, +0), X, and A€ @ such that 


z(s,o)} =P;(r(s,w), A), p.1. 
We suppose further that the transition function satisfies: 
(0.1) For each ¢€(0,+0),x2€ X,P;(2,-) is a probability measure on 8. 
(0.2) For each t€(0,+0),A€ @,P;(-,A) is B-measurable. 
(0.3) The Chapman-Kolmogorov equation 


Pra(2,4) = JS. P,(y, A) Ps(2, dy). 


An additional condition is often imposed as well: 
(0. 4’) lim P;(z,A) =1 if A. 
t>0 


We do not impose hypothesis (0. 4’) ; our goal is to investigate to what extent 
this condition is satisfied under some minimal additional assumptions. In an 
earlier paper [1] it has been shown that if a condition like (0. 4’) is satisfied, 
then the transition functions will be continuous in ¢. In view of this fact, 
we suppose that the transition functions satisfy also: 


(0. 4) For each z€ X and A€ @, P;(z,A) is a continuous function of t. 


If we suppose that X is the set of positive integers, and that @ is the 
Borel field of subsets of X, then the process is called a Markov chain. Doob 
[3] has proved the following theorem: 


* Received February 24, 1959. 
* This work was supported by the ONR contract at Cornell University, No. Nonr- 
401(03) and by the U.S. Army Research Center at the University of Wisconsin. 
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THEOREM 0.1. A Markov chain has continuous transition functions tf 
and only tf the integers may be divided into pairwise disjoint sets F,I,,I2,---, 
such that 


(i) Pe(t, {7}) =0, 7€ F, 


(ii) lim P, (i, Lj) = 81, (4), 
j=l 


(iii) Py (7}) = UjP In), 7 € tay te € 
(iv) P, (4, {j}) = 7€ F, 
where {uj} ts a sequence of non-negative numbers, and 
(v) tin {j}) eaxtsts, 4,7 == 1,2,- 

We define the function $ as follows: 


1if 

We establish a result analogous to Theorem 0.1, assuming that the tran- 
sition probabilities satisfy conditions (0.1), (0.2), (0.3) and (0.4). In the 
special case considered in Theorem 0.1, the function U which we obtain can 
be further analyzed, and the details of Theorem 0.1 can thereby be obtained. 
We remark that the method of proof is different from Doob’s and that his 
| proof doesn’t seem to generalize. 

It is possible to define certain semi-groups, using the transition functions, 
on suitably chosen Banach spaces. However, Hille’s work on the existence 
of the identity as a limit as the parameter tends to zero does not yield our 


result in any obvious way. 


1. Results and proofs. We suppose in what follows that we have a 
| Markov process whose transition function satisfies (0.1), (0.2), (0.3), and 
(0.4). Blackwell [2] gave a special case of Lemma 1.1 to study idempotent 


Markov chains. 


Lemma 1.1. Jf A and B are two sets in B, then (where wo(-) stands 
for the characteristic function of the set C) 


Cf Pac A)P,(y, dz)}P,(2, dy) 


— de) — ft de) } Pala dy), 


3S 
n 

| 

| 
? 


108 RAFAEL V. CHACON. 


and 


cB B 


— J Poly, dy) — Pale, de) Pala, dy) 


Proof. Follows at once by transposing the second terms on the right to 
the left and combining each of the terms into single integrals. That the 
interchange of order of integration is valid can be easily shown. 


Lema 1.2. If A and B are two sets in B, and tf a ts a real number, 
and s>0, t>0, u>0, 


lim{ de) Pala, dy) 


—f (Pe A) de) dy)} =0. 
Proof. Follows at once from Lemma 1.1. 


LemMa 1.3. For each s>0,u>0, c real, re X and A€E B, fired, if 
C= {z: P,(z,A) <c} then 


lim P;(y,C) =38ce(y) in )-measure. 

The lemma remains valid if “ <<” is replaced by either “=” or “>” or “2” 
in the definition of the set C. 


Proof. Using Lemma 1.2, put B= B, = {z: P,(z,A) >c—1/n} and 
&=d,—c—1/n. Both terms have the same sign in this application, and 
hence each must have a zero limit. We have, using the second term, 


lim f (y) [ f {P.(z,4) + 1/n}Pi(y, dz) ]Pu(a, dy) =0. 


Since the inner integral is of constant sign as a function of y, we have that 


converges in P,(2z,+)-measure to zero as t—>0. From this it follows that 
ven, (y) Pr (ys {2: Po(z,4) = 
also converges in P,(2, -)-measure to zero as t—>0, and from this that 


(1.3.1) Wy: Pe(y, {z: Ps(z,A) c}) 
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converges in P,,(a, -)-measure to zero as {> 0 as well. This clearly implies 
that 
(1.3.2) Wty: (Y) Pe(y, {2: Ps(z, 4) < 


converges in P(x, :)-measure to one as t—>0. Now using the first part of 
Lemma 1.1 with A=X, B= {y: P,(y,A) we have that 


= {z: P.(z,A) < c}) —f Puy, {z: P,(z, A) < c})P,(z, dy), 
from which it follows that 


tv: Pe(y, {2: Ps(z,4) <c}) 


tends to zero in P,(z,-)-measure as t—. The “>” part of the lemma 
follows by a similar argument, and the “=” and “=” parts from these by 


taking complements. 


Lemma 1.4. If {A,} is a sequence of sets such that for each n and for 
some fired and X, Pi(y,An) converges to 84,(y) in Py(z,°)- 
measure as t—> 0, then it follows that P;(y, B) converges to in P,(z, 


measure as well, where B=\) An. 
n=1 


k 
Proof. Note first that, letting B, An, 
n=1 


f, Ply, By) Pale, dy) = {1 By} Pala, dy) 


<3 (1 —PAly, An) dy), 


n=1 


and that 


S Ply dy) Pela An) Pale dy) 


k 
P:(y, An) Pu(z, dy), 
n=1 CAn 


and thus that the result of the lemma follows for finite sums. Next, to see 
the result for countably infinite sums, note that for each k > 1, 


Sf, BY dy) < — Pil, Be) dy). 


Hence, using the result for finite sums, we have for each k > 1, 


t to 
the 
ber, 
=" 
and 
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dy) S Pala Br), 


and thus that 


(1.4.1) lim (1—Pi(y,B)}Pa(z, dy) —0. 


It remains to show that 


lim f P,(y, B) Pa (2, dy) —0. 
cB 


From the first part of Lemma 1.1, putting A = X, and interchanging B with 
cB, we have that 


c. 
and the desired result follows from this, and (1.4.1). 


Definition 1.1. Let & be the Borel field generated by sets of the form 
{x: P;(z,A) € (a,b]} for each ¢>0, A€ @ and a and 6 real. 


THeorEM 1.1. If Ge X, and u>0, then P;(y,G@) converges to 
da(y) in P, (a, -)-measure, as 0. 


Proof. Since if P:(y,A) converges to 84(y) in P,(2, -)-measure as 
t->0 then P;(y,cA) converges to 6.4(y) in P,(a,-+)-measure as 0 as 
well, it follows easily from Lemma 1.4 that the class of sets for which the 
assertion holds is a monotone class. That it includes finite unions of sets 
of the form {z: P;(z,A) € (a,b]} follows from Lemmas 1.3 and 1.4. 


Lemma 1.5. If {(X,8,ph,),y€T} ts a family of bounded measure 
spaces, and tf {f,(xz)} ts a sequence of B-measurable function which, for 
each y € T, converges in p,-measure, then there exists a function f(x), measur- 
able with respect to the Borel field (18 (Hy); where B(y) denotes the com- 

ve 


pletion of 8 with respect to py, such that for each y€T, {fn(x)} converges 
in py-measure to f(x). 


Proof. For each fixed y€ IT there exists a subsequence {n7¥(k)} and a 
set A, such that 


(i) Ay={z: limf,,,,, (2) exists}, 
k> 


(ii) py (Ay) =1, 


(iii) fn(z) converges in p,-measure to limf,,,,(z) on Ay. 
k> 
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Clearly, the family {A,,y€T} of sets of @ has at most continuum distinct 
elements, since there are at most continuum distinct subsequences {n7(k)}, 
y¢€V. For this reason there exists a well-ordering of these sets such that for 
each A there are at most countably many distinct sets Ay,A4,< Ay. On 
Aly = Ay — U A,, 
Ay<Ay’ 
define f(z) by putting f(z) On define f(z) by 
ve 
putting f(z) =0. It follows that f(z) is defined everywhere, and by (ii) it 
follows that f(x) is measurable with respect to [] B(p,). 
yer 


To see that for each y’€T, {fn(x)} converges in py-measure to f(z), 
note that for each e > 0, 


Tim fa | >} pry (Ary (2: | fa | > 


| fr —f| > «}} 


n—> co A’ySA 


n> o A'ySA 
Note that there are at most countably many terms in the last sum, and that 
each term of the sum tends to zero as n—>0. That the whole sum tends to 
zero follows from the fact that 
=K 
A'ySAy' 


when K is the bound on the measures. 


Definition. Let $:= xt), where 2,2) denotes the completion 
t € (0, +00) 


of § with respect to P;(z,-), and let @, be the smallest Borel field con- 
taining 9, and B. 


THEOREM 1.2. If foreach A€ B,u>0,andx€ X we have that P;(y, A) 
converges, as t—>0, in Py(az,+) measure, then there exist functions U(y, A), 
defined for all y€ X and A€ B, such that: 


(i) U(-,A) is &,-measurable, for each A€ B, 
(ii) U(y,@) =8a(y), for each GE §,, 


(iii) U(y,U Ay) -> U(y, As) 


for every sequence {A;} of pairwise disjoint sets of ®, except on a set N 


ith 
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(depending on {A;}) such that P;(x,N) =0 for each t>0 and x€ X, and 


(iv) lim Ps(y,A) —U(y,A)| Pela dy) —0, 
for each r€X, t>0, and A€ B. 


Proof. Define U(z,@) =8q(«) for each GE and choose a version 
of the limit measure for U(x,A), for A€B, and A¢ §,, as is possible by 
Lemma 1.5. (i), (ii), (iii), and (iv) follow by Lemma 1.5, definition, by 
a neasy proof, and hypothesis, respectively. 


CoroLuary 1.1. Under the hypothesis of Theorem 1.2, if A€ B and 
> 0, then there exist positive constants and sets A,,: -,Ay 
of & such that 


N 
| P;(2, A ) a,P; (2, Ax | 


uniformly in x and t. 


UNIVERSITY OF WISCONSIN. 
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COLLINEATION GROUPS OF NON-DESARGUESIAN PLANES II.* 


Some seminuclear division algebras. 


By D. R. HuGues.* 


1. Introduction. We will consider a class of non-associative division 
algebras and the projective planes they coordinatize, with the aim of deter- 
mining the collineation groups of the planes. This will be the second class 
of finite division ring planes so analyzed, and we will see that like the “twisted 
fields” of Albert ([2]), the groups are solvable. This is in sharp contrast 
to the finite Hall Veblen-Wedderburn planes and the (non-Veblen-Wedderburn) 
Hughes planes, both of which have non-solvable collienation groups ([4, 6]). 
Since both the Hall and Hughes planes appear more removed from the Desar- 
guesian case than any division ring plane, it is striking that all the known 
finite non-associative division ring planes have solvable groups. 

Our treatment of the collineation group leaves unanswered a number of 
possibly interesting questions: (1) Since we only determine a sub-normal 
series for the group, is the group itself amenable to direct computation? 
(2) What is the transitive structure of the group, and more particularly, 
what are the transitive constituents on the line at infinity of the autotopism 
group 


2. Preliminary discussion. Let R be a division ring; i.e., (R,+-) is 
an abelian group, both distributive laws hold, there is a multiplicative identity 
| (A0), and every equation arb (ya=b), for aA0, has a unique solu- 
tion for x (for y). Let T be an additive one-to-one mapping of R upon R, 
and a, b non-zero elements of R; the triple (T,a,b) is called an autotopism 


of R if 
(1) (cy) T = (a) T(by)T, for all y in R. 


Let us suppose that R is non-alternative, and let z be the projective 


* Received February 24, 1959. 

* This research was supported in part by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development Command 
under Contract No. AF 18(600) -1383. 
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plane coordinatized by R (see [4, 5] for construction of + from #). Then 
there is a metabelian group @ , generated by “translations” and “shears,” 
such that if ©, is the full collineation group of 7, then , is normal in 6, 
and @,/@, is isomorphic to the group & of all autotopisms of R (see [2,5]). 
So we will content ourselves with studying ©. We remark that in case F is 
finite, to say R is non-alternative is equivalent to saying that it is not a field. 

Now we introduce some notation. The right nucleus N, of R is the set 
of all n in R such that (cy)n—<x(yn), for all z, y in R; the middle and 
left nuclei are defined analogously. The nucleus of R is the intersection of 
the three one-sided nuclei, while the center of R is the set of all z in the 
nucleus such that 2z— zz for all z in R. It is well-known that all five of 
these subsets are themselves division rings (even associative, of course). 

If z is in R, define the mappings R, and L, of R by yR, = yz, yLs=xy. 
If «0, these mappings are non-singular and have inverses. Sometimes we 
will write R(x) for Rz, ete. 

Now let (7,a,b) be an autotopism of R, and for each n in N,, define 
n* == (ban)T. Then (see [3, p. 250]), « is an automorphism of NV, onto N,; 
let x be in R, n in N,. Then: 


(an) T = (an) ]T, 
and so, from (1): 
(an) T = (ban) T = (aT) 

Lemma 1. Every autotopism of R is a semi-linear transformation over 
the right nucleus.” 

Now we define our class of division rings. Let F be a field, o a non- 
identity automorphism of F, and 6) and 8, elements of F such that 
(2) + for any w in F. 


Note that (2) requires 6) 40. Furthermore, if o? =1, 6, = 0, and F is finite, 
then 8, 8,%. For the elements x*’, as x ranges over F’, range over the sub- 
field K of all elements fixed by o, and so 8 cannot be in this subfield. Let 
R be a two-dimensional vector space over F', with basis elements 1, A. Define 


multiplication in & by 


(3) (2+ Ay) (U+ Av) = (xu + + A(yu+ + 8,y7v). 


This corresponds to demanding that A* = 8 +.A8,, zA=Az’, and that F be 


* There is an analogous theorem for the left nucleus, and even for the center. 
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the right and middle nuclei of R. Then F is a division ring*; for the rest 


of the paper, we shall assume that £ is finite. 

We wish to consider the space 3 of all additive operators on F, and in 
particular that subspace of 3 containing all the mappings F,, x in F, as well 
as the mappings Q: ez, where yw is an automorphism of F. We will 
further consider the set of 2 by 2 matrices over 3, considered as acting on 
elements of R, where x + dAy is identified with the vector (2, y). 

Let o be the defining automorphism of R, and § the element of 3 defined 
by S: > a7; for an autotopism (T,a,b) of R, let a be the automorphism 
of the right nucleus of R, as in Lemma 1 and the preceding discussion. Since 
F=N,, a is an automorphism of F; define A: z—>2*. For simplicity, write 


Y= a. 
Lemma 1 asserts that JT has the form AT;, where 


R(ao) R(a:) 
R(b,)I° 


Furthermore, from (3) we can write: 
R(u)l + SR(v)E, 


| where the terms on the right are understood to be among the two-dimensional 
| matrices over 3, and the term on the left is the ordinary right multiplication 
inf. Here, # and J are defined by: 


r= 0 ] 0 R(1) 

| Now we note that: 

AR(z) =R(a7)A 

R(x)S =SR(z’). 

| Furthermore, S and A commute with each other, since F is a Galois field. 


Let the a of (T,a,b) be a—=r-+dAs, and write yP = (by)T; then (1) 
is equivalent to: 


(6) 


Let Q = P-*; then (6) becomes: 


(7) R (usrv) Qs 


; *In a forthcoming paper, these division rings are studied in more detail by Edwin 
| Kleinfeld and the present writer. 
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or: 
(8) + SR(v)E] = 


3. Computation of the autotopism group. If we multiply out the left 
side of (8) and use (4) and (5), we find: 
usrvye- 
Here 7,7, for instance, means: 
R(ax7) 
~~ 
Since the left side of (9) must be a right multiplication, it must have the 
form R(x)I + SR(y)E, for some z, y in F. Now we must distinguish cases. 


If S*A1 (i.e., if o?41), then the last term on the left of (9) can 
only be identically zero; this implies s—=0. Then (9) becomes: 


(10) R(ruv)I + HIT = 
So the second term in (10) has the form SR(y)F, and hence: 
(11) = R(y) ET for some 0. 
On the other hand, if oc? —1, then S?==1, so (9) becomes: 
(12) + R(s%vV) + SE R(r%07) T EVT + R(su7) 
= 


In the following, we can simplify matters by understanding that: 


I > — 


Then (12) implies: 

(14) + suvE = mE, 

for some choice of k, m in F. So we write, from (13) and (14): 
(15) SUV SV = (k — 

(16) = (m— suv) E. 


Then (15) and (16) imply: 


| 
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(17) 8? (m — su?) = (k —ruv)I. 


Now note that 


0 5 
ar 
So the left side of (17) is not scalar unless it is 0 or 8; 0 and 4,67; 
as remarked earlier, this latter possibility violates (2) since o?=—1. But 
the right side of (17) is scalar, so either one of r, s is zero, or m= su? and 
‘==ru’. Suppose the latter of these two possibilities occurs; then (u + Av)Q 
=k+dAm = (r-+As)u7, and this implies that Q is singular, which is im- 


possible. Hence: 
Lemma 2. If o?=1, then r=0 or s=0. 


If s=0 then it is easily seen that we are led to equation (11), and so 
no distinction is necessary between o? 1 and o?1. On the other hand, 
if r= 0, the additional equation necessary is: 


(18) E°T ,°EY = nT,7, for some n0. 


Now suppose we have two autotopisms 4,7, and A.T7’, (strictly, we are looking 
only at the additive map part of an autotopism triple). Then one easily 
computes that (A,7,) (A272) = (A1A2) (T1°T 2), where is the automorphism 
of V, associated with the autotopism A,7’,.. Remembering that the y in (18) 
is actually a-*, it is straightforward to show: 


Lemma 3. The product of two autotopisms satisfying (18) ts an auto- 
topism with s=0 and satisfying (11). 


So if we disregard the autotopisms satisfying (18), we will be considering 
a subgroup © of &, where G/@G has order one or two. We shall restrict 
attention to this group &, and thus to autotopisms satisfying: 


(19) T°VEY = kET”, 


where & is in F, k40, and F and T are the matrices FL and 7, following 
equation (12). 

Among all solutions of (19), the set §, of those T for which y—1 is a 
normal subgroup, whose factor group is contained in the group of all semi- 
linear transformations over F' modulo the group of linear transformation over 
FP. Le, G/G, is isomorphic to a subgroup of the automorphism group of F; 
since F is a Galois field, G/9: is cyclic. 

So §, consists of the T satisfying: 
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(20) T°E =kET. 


But among all elements of §,, the subset § of all solutions of (20) for which 
k =1 is a normal subgroup (of §,), and §:/§ is isomorphic to a subgroup 
of the multiplicative group of F'. (This can be easily seen by considering the 
mapping which sends a solution of (20) onto the element k associated with 
it; the mapping is a homomorphism. ) 

Now we have reduced our problem to the point where some direct con- 
puting is possible. § consists of all (non-singular) 2 by 2 matrices T' over F 


which satisfy: 

(21) T°E = ET. 

Then (21) immediately implies: 

(22) by = 44%, 

(23) by + 

(24) Ay” + = Ay + 


So if T is in §, we can represent T by the vector (ao,a,), consisting of its 
first row, where do, a, satisfy (24) and (25). The multiplication of these 
vectors (i.e., the multiplication of the elements of $) is: 


(26) (do, a1) (Co, = + C17, + + 
as one sees by multiplying together two matrices satisfying (21) and using 
(22) and (23). 

Now consider the division ring Rk’ which is anti-isomorphic to R; we cat 
represent the multiplication in Rf’ by: 

(x + yd) (u+ vA) = (ru + Soyv7) + (re + yur + 8,yv7)d. 

But this argrees with (26) if we identify (a)a,) with a,+ a,d, and so 9 
is isomorphic to a subgroup of the multiplicative loop of R’. In order tv 
identify § more precisely, we find it convenient to compute the right nuclew 
of R’. 

For any three elements a, b, c of R’, let (a,b,c) = (ab)c—a(bc). Then 
it is straightforward computation that: 

(z+ yd, u+ VA, w+ 2dr) = yv%o[w— + 8,27 — 8,27] 

+ yu? — +- 8, (8,27 — 8,72") + 8, (w? — Ja. 
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So w+ 2d is in the right nucleus of R’ if and only if: 


(27) + 8,27 == w% §,72%, 


But (27), (28) become equations (24), (25) with the change a,)—=w, a, =z, 
and thus § is isomorphic to the multiplicative group of the right nucleus 
of R’. Anti-isomorphic groups are isomorphic, so this means that § is 
isomorphic to the multiplicative group of the left nucleus of R; the left 
nucleus is finite and associative, hence is a Galois field, so it has a cyclic 
multiplicative group. 

THEoRM 1. The autotopism group & of R is solvable when R is finite, 
and ® has a sub-normal series: 

where (i) @/® has order one or two, and has order one if o7 1; (ii) G/S: 
is isomorphic to a subgroup of the automorphism group of F; (iii) $:/ is 
isomorphic to a subgroup of the multiplicative group of F; (iv) § is tso- 
morphic to the multiplicative group of the left nucleus of R. 


CoroLLaRy. If x ts the projective plane coordinatized by the finite semi- 
nuclear division algebra R, then the collineation group of m is solvable. 


THE UNIVERSITY OF CHICAGO. 
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Introduction. In this paper we study tame coverings and fundamental 
groups of a non-singular algebraic surface V (over an algebraically closed 
ground field &) minus a curve W having arbitrary singularities; it is a 
continuation of Part I of this series [American Journal of Mathematics, vol. 
81, 1959] in which we considered the situation when W had only strong normal 
' crossings (there the dimension of V was arbitrary and W was of co-dimension 
one). Here, in the introduction, we shall briefly and approximately describe 
the main results and the contents of the various sections, referring for the 
precise definitions and statements to the body of this paper and to Part I. 
Denote by x’(V—W) the group tower of the galois groups over k(V) of all 
the finite galois extensions of k(V) (in some fixed algebraic closure of k(V)), 
which are tamely ramified over V and for which the branch locus over V is 
contained in W. For an irreducible component W, of W define the strength 
of singularities v(W1,W;V) by v(Wi,W;V) +1), where the 
are the multiplicities of the various points and “infinitely near” points of W, 
at which W does not have a strong normal crossing. Let W,,- - -, W; be the 
irreducible components of W. Then the main results on fundamental groups 
in this paper are: (1) If V is simply connected and for some labelling of the 
components W; we have dim | W;| > 1+ +(W;,W;U Wj1U- - -UW;,;V) for 
j=1,:--,t, then 7’(V—W) is generated by ¢ generators, is t-step solvable, 
and has a weak parent group generated by ¢ generators. (2) If V is simply 
connected and dim | W;| >1-+-(W;,W;V) for j=1,- - -,#, then #(V—W) 
is generated by ¢ generators, is ¢-step nilpotent, and has a weak parent group 
generated by ¢ generators; if in addition W; and W;, have a point in common 
at which W has a normal crossing whenever 7 ~k, then x’(V — W) is abelian. 


An analysis of singularities only for curves on an algebraic surface would 
have been quicker, and would have been adequate for the above results on 
fundamental groups; however, we thought it appropriate here to develop 


systematically an analysis of singularities in an arbitrary two dimensional 


regular local domain, and also to include some related considerations for local 
domains ; this accounts for the length of the paper. Presently we shall describe 
the contents of the various sections. 


Section 1. Notations and conventions are fixed and some preliminary 
remarks are made. 


Section 2. Some auxiliary lemmas, mainly on local rings, are proved. 
This section need not be read in the beginning; and the reader may look up 
the relevant parts of it when referred to in the following sections. 
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Section 3. Here is introduced the notion of an m-th quadratic transform 
(for any non-negative integer m) of a regular local domain F of dimension 
greater than one, a quadratic transform of RF is then an m-th quadratic trans. 
form of R for some m. It is proved that there is a natural one to one 
correspondence between the set of all quadratic transforms of F and the set 
of all quadratic transforms of the completion R or R; in this correspondence 
an m-th quadratic transform of RF corresponds to an m-th quadratic transform 


of R (Proposition 1). 


Section 4. Let R be a two dimensional regular local domain, let I be 
the maximal ideal in FR, let A and B be non-zero principal ideals in R, and 
let S be a two dimensional regular local domain having the same quotient 
field as R and having center M in Rk. The R-leading degree of A is denoted 
by Ax(A) and is called the multiplicity of A at R. The notion of the §* 
transform of A is introduced, it is denoted by S#[A] and its S-leading degree 
is denoted by ws,rx(A) (Definition 3). There is a natural one to one corres- 
pondence between the immediate (i.e., first) quadratic transforms of F and 
irreducible forms in two variables over R/M (Lemma 13). The notion of a 
valuation branch of A at F# is introduced, the set of all valuation branches of 
A at Rf is a finite set and it is denoted by @(A,#) (Definition 4), there is a 
one to one natural correspondence between the valuation branches of A at 
R and the analytic branches of A at R (Lemma 14). If A and B are co-prime. 
then so are S¥[A] and S*|B], if A is primary then so is S#[A], the operation 
of taking transforms is transitive in S and is multiplicative in the primary fac- 
tors of A, if = 1 then ps,e(A) = 1, and finally R)D O(S*| A], 8) 
(Lemma 15). For each m, there are at most a finite number (and at least 
one if AAS) of m-th quadratic transforms F,, of Rk through which A passes 
(i.e., Ry#[A] A Ry) (Lemma 16). The concept of a quadratic transform 
of an algebraic surface is recalled (Definition 5). If R is complete and z isa 
non-zero irreducible non-unit in # then the reduced R-leading form of z cannot 
have coprime factors in (R/M)|X,Y] (Lemma 17), this is false for dimen- 


sion > 2 (Remark 1). 


Section 5. Let R be a regular local domain and let A be a principal 
ideal in Rk. The notion of A to have a norma! crossing at A, and the notion 
of A to have a strong normal crossing at R are introduced (Definition 6). 
Let S be a quadratic transform of R. If A has a normal crossing (respet- 
tively: strong normal crossing) at R then S®[A] has a normal crossing 


* More generally, it can be shown that always ug.2(A)S Ag(A). 
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(respectively: a strong normal crossing) at S (Lemma 18). If # is the 
quotient ring of a point on an algebraic surface, if A has a normal crossing 
at R, and if SR, then S?[A] has a strong normal crossing at S (Lemma 
19); this is false for dimension > 2 (Remark 2). If R is two dimensional 
and is either algebraic or absolute then the singularities of A can be resolved 
by applying quadratic transformations to R (Proposition 2). 


Section 6. Let A and B be non-zero principal ideals in a two dimen- 
sional regular local domain R. The strength of singularity of A on B at R 
is introduced and is denoted by v(A,B;R) (Definitions 7, 8); and via it, 
the notion of the strength of singularities of a curve W on another curve W* 
on a non-singular algebraic surface V is introduced by taking the sum of the 
strengths of singularities at all the points of V, it is denoted by v(W, W*; V) 
(Definition 9). v(A,B;R) is an analytic invariant and hence can be defined 
by using completions only (Proposition 3); v(A,B;R) is finite if A is a 
product of distinct prime ideals and F is algebraic or absolute (Proposition 
4) ; consequently v(W, W*; V) is finite (Definition 9). If W is an irreducible 
component of W*, if dim|W|>1-+1(W,W*;V), then there exists a 
quadratic transform (V*,f) of V such that f-*(W*) has only strong normal 
crossings on f“[W] and dim|f*[W]| > 1 (Proposition 5); this is proved 
by applying successive immediate quadratic transforms to V and estimating 


at each stage the decrease in dim | W |. 


Section %. The strength of a singularity is computed for the following 
cases: contact of two simple branches (of arbitrary order), ordinary point 
(several simple branches with distinct tangents), cusps (of arbitrary order), 
composite cusps with distinct tangents, etc. All these notions are developed 
and the corresponding computations are made in the set up of an arbitrary 
two dimensional regular local domain. The results of this section are used 
only in Section 10; hence the reading of this section may be postponed until 


then. 


Section 8. For dimension two, a direct proof of the abelian character 
of local galois groups over a branch curve having a normal crossing is given 
(Proposition 118) without using “ Purity of branch locus”; and “ Purity” 
is derived from it as a corollary. Most of the techniques used in the proof 
carry over for arbitrary two dimensional regular local domains and hence 
the proof can probably be geenralized to this general case (Remark 4). Above 
a strong normal crossing of the apparent branch locus, there can be no local 
splitting (Proposition 128) ; this is in general false for normal crossings which 
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are not strong normal crossings (Remark 5); this necessitates the replace. 
ment of “normal crossing” by “strong normal crossing” in some of the 
results of Part I. This, together with other minor corrections to Part ], is 


given in Remark 6. 


Section 9. Using Proposition 5 of Section 6, and then applying the 
technique of the proof of Proposition 6 of Section 11 of Part I, the following 
refinement of the quoted result of Part I is obtained: If W is a curve ona 
non-singular algebraic surface and W, is an irreducible component of W such 
that dim |W, | >1++(Wi,W;V), if V* is a tamely ramified covering of V 
and ¢ is the rational map of V* onto V, and if the branch locus of V* over V 
is contained in W, then ¢-*(W,) is irreducible (Proposition 14). In view 
of this refinement of Proposition 6 of Part I, the main results of this section 
now follows by essentially carrying over the proofs of the corresponding results 
of Sections 11 and 12 of Part 1. For dimension two, the main results of 
Part I are now subsumed under the results of this section. 


Section 10. For dimension two, the results of Section 9 now give the 
corresponding refinements of the results of Sections 13, 14, 15 of Part | 
(including the Theorems of Zariski and Picard) and the latter are now sub- 
sumed under the results of this section (Propositions 17, 18, 19 and Theorems 


3, 4, 5). Several explicit corollaries of the results of Sections 9 and 10 can 
be obtained using the computations of Sections 7, some examples of this are 


given (Examples 1, 2, 3). 


1. Conventions and notations. Part I of this series with the subtitle 
“Branch loci with normal crossings; Applications: Theorems of Zariski and 
Picard” (which appeared in the American Journal of Mathematics, vol. 81 
(1959), pp. 46-94.) will be referred to as “ Part I.” Besides the conventions 
and notations introduced in Part I we shall use the following additional ones. 

In a ring A, the product over an empty set of elements will be one, thus 
for * in A: -dm=1 if the sum over an empty set 
of elements will be zero, thus for a,,- -,@m in A: 
m=; the product or intersection over an empty set of ideals in A will be 4 
itself, thus for ideals B,,---,Bm: +-Bmn=B,N if 
m==0. For an ideal B in a ring A, by Rad, B we shall denote the set of all 
elements a in A such that a” is in B for some positive integer n; the subscript 
A may be dropped when it is clear from the context. 

For a valuation v of a field K we shall denote by R, and M,, the valuation 
ring of v and the maximal ideal in the valuation ring of v respectively. Let 
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4 be a ring and P an ideal in A; if for a local ring (R, MM) we have RD A 
and M © A =P then we shall say that # has center P in A; if for a valuation 
y we have R, D A and M,N A =P then we shall say that v has center P in A. 
If (R, M) is a local domain and v is a valuation having center M in R, then 
| the transcendence degree of R,/M, over R/M will be called the R-dimension 
of vu. If A is a ring and P is a finitely generated ideal in A, and v is a 
valuation with R, D R, then by v(P) we shall denote the minimum of v(a) 
for a in P; note that if Q is a set of generators of P then v(P) is the mini- 
mum of v(a) for a in Q. 


A local ring (R, M) is said to be regular, if and only if, R is noetherian, 

and M has a basis of n elements, where n is the dimension of R. Note that 
a regular local domain F# of dimension two is a unique factorization domain, 
and hence in R& every pure one dimensional ideal is principal, products and 
| intersections of pure one dimensional ideals are the same things, etc. 


Now let (R, 11) be a regular local domain. For a non-zero ideal A in R 
| there exists a unique integer such that A C M* and A CM, we shall call 
n the R-leading degree of A or the multiplicity of A at R and we shall denote 
it by Ar(A); similarly, for a non zero element a of # the unique integer n, 
for which a € M” and a¢ M™**, will be called the R-leading degree of a or the 


multiplicity of a at R and will be denoted by AR(a) ; note that Ar(a) =Ar(aR). 
Let Q be a representative set of R/M in R (i.e., a subset of R which is mapped 
| one to one onto R/M under the canonical homomorphism of RF onto R/M), 
» and let r= (2,,- - -,2,) be a minimal basis of M. Then, for 0a€ R there 
exists a unique form f(X,,---,Xn) of degree Ar(a) in the indeterminates 
| with coefficients in Q such that is in 
and we shall call f(X1,---,Xn) the R-leading form of a with respect to 
' (Q,2) and we shall denote it by Are,c(a); furthermore, the form obtained 
from f(X,,- - -,Xn) by reducing its coefficients modulo M will be called the 
reduced R-leading form of a with respect to x and will be denoted by Az,z(a) ; 
fora=0 we set =Arz(a) —0. Again, one or more subscripts of 
| 4, A, A may be dropped when they are clear from the context. Note that for 
* *,@m in R we have A(a,: Also note that, 
| ify=(y1,: -,yn) is any other minimal basis of M and if f(X,,- - -,Xn) 
=A,(a) and g(X,,- - -,X,) —A,(a), then g is obtained from f by applying 

4 non-singular homogeneous linear transformation to X,,- with coefli- 
cients in R/M ; and hence if f= - and g=g,."- - are factoriza- 
| Zations of f and g where f,,- - -,f, are pair-wise co-prime irreducible forms 
and g,,° - ‘,9t are pair-wise co-prime irreducible forms and w,v; > 0, then 
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stand after a suitable relabelling and f; and g; are non-zero constant 
multiples of each other for 1—1,: - -,s. 


Now let 2m be elements of R, such that there exists in such 
that 21,°-*,@p, is a basis of M; if for the reduced R-leading form f(X,,---,X,) 
of a with respect to 7,° - *,2, we have f(1,0,0,- - -,0) +40, then we shall 
say that “the line -—2, is non-tangential to a”; note that this 
does not depend on 2,; also note that if a,,- - -,a; are elements of R, then 
the line 72 is non-tangential to a,- if and only if, it is 
non-tangential to each a. 


Next let V be an n-dimensional irreducible projective algebraic variety 
over an algebraically closed ground field &. If W is an irreducible subvariety 
of V, then Pe€ W if and only if Q(W,V) > Q(P,V), and in that case we 
set M(P,W,V) =M(W,V)NQ(P,V); if P¢ W, then we set M(P,W,V) 
=(Q(P,V). If W is any subvariety of V with irreducible components 
- Wt, then we shall call M(P,W:,V) the tdeal 
of W at P on V and we shall denote it by M(P,W,V); note that 
Pe W if and only if M(P,W,V) CM(P,V); an ideal A in Q(P,V) 
will be called a defining ideal of W at P on V if A=A,N- + -fM A; where A; 
is an ideal in Q(P,V) which is primary for M(P,Wi,V); note that then 
A,,- + +,A; are uniquely determined by A; now assume that P is a simple 
point of V and that W,,---,W; are all of co-dimension 1, then: (1) a 
defining ideal of W at P on V is exactly a principal ideal A in Q(P, V) such 
that Rad A = M(P,W,V); (2) a given ideal A in Q(P,V) is a defining 
ideal of a pure one co-dimensional subvariety of V if and only if A is a non- 
zero principal ideal; and (3) a given ideal A in Q(P, V) is the ideal of a pure 
one co-dimensional subvariety of V if and only if A is a non-zero principal 
ideal which is not contained in the square of any non-unit principal ideal. 


If V* and V are irreducible normal projective algebraic varieties over 
an algebraically closed ground field & and f is a bi-rational map of V* onto V 
which is regular on V*, and if W is a subvariety of V, then by f*[W] we 
shall denote the transform of W under f- (for definition see [Zariski 15]), 
and by f-*(W) we shall denote as usual the set theoretic inverse image of 
the set of points of W. It can immediately be verified that if W is irreducible 
and of co-dimension one so that Q(W,V) is the valuation ring of a real 
discrete valuation v of k(V)/k, then f*[W] is also irreducible of co-dimer- 
sion one and it is the center of v on V*. 
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2. Auxiliary lemmas. 


Lemma 1. Let (R,M) be a regular local domain of dimension n> 1 
with quotient field K. Let x,,- + +,2n be a minimal basis of M. Let y:=%, 
for i=2,--+,n and let S=R[yz,- Then we have 
(y,S) AR=M so that R/M can be canonically identified with a subfield of 
S/(y,8) and then the residues Yo,- +, Ym respectively of modulo 
y,8 are algebraically independent over R/M and hence S/(y,S) can be 
identified with the polynomial ring (R/M)[¥2,- im n—1 variables. 
Then the canonical homomorphism of S onto S/(yi8S) sets up a one to one 
correspondence between the maximal ideals in S containing y, and the mazimal 
ideals in the polynomial ring S/(y,S), and hence if P is a maximal ideal in 8 
containing y, and Ry—=Sp CK and M,=PR, then (R,,M,) ts a regular 
local domain of dimension n having center M in R, y, ts part of a minimal 
basis of M,, and R,/M, 1s a finite algebraic extension of R/M. 


Proof. Follows from [Abhyankar 5, Lemma 3.19 of Section 14]. 


LemMA 2. Let (R,M) and (R, M) be two regular local domains of the 
same dimension n with quotient fields K and K respectively. Assume that K 
isa subfield of K, R has center M in R and MR=M. Then R/M can be 
canonically identified with a subfield of R/M ; assume that under this indenti- 
fication R/M = R/M, i.¢., given x in R there exists y in R such that x—y 
isin M. Then given x in R and a positive integer q, there exists y in R such 
that c—y isin Also we have that KNR=R, KN M =M, = M2 
for any positive integer q, and if A is any ideal in R then (AR)N R=A, and 
| 4 ts principal if and only if AR is principal, in particular M4 R= M2 for 
any positive integer g. Consequently, any completion of R is also a completion 
of R. 


Proof. From MR=M we at once have M7R= M4 for allg>0. By 
induction on q we shall show that given x in & there exists y in R such that 
«—y is in M%; for g—1 this is given, so assume that g >1 and that this 
is true for g—1. Then given z in & there exists z in R such that r—z is 
in since MR, with a, in Me and & in R, 
the assumption for g=1 tells us that there exists c; in R and d; in M such 
that 6; =¢,-+ di, let y= z+ then c—y which is in M2. 

Now let 2,,- - -,2, be a minal basis of M. Since MR=M and dim 


is also a minimal basis of For any non-negative integer 
and y ¢ imply that y= f(a,° - -,an) where f(X1,° -,Xn) is 
‘form of degree q with coefficients in R but not all in M; suppose if possible 
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that y€ then where is a form of 
degree g+1 with coefficients in R, so that y=h(2%,--+,2n) where 
h(X,,: - -,Xn) is a form of degree g with coefficients in M ; let t(X,,- - -,X,) 
= f(X1,- Xn) Xn); since f has coefficients in R but not all 
in M and since M1 R=M, these coefficients are in R but not all in i; 
since the coefficients of h are all in M we conclude that ¢(X,,- - -,Xn) isa 
form of degree q with coefficients in R but not all in M and hence 
M™ so that which is a contradiction 
since =y—y—0; consequently, y€ and y¢ M™ imply 
that y¢ M%. Therefore, for any positive integer g, y€ R and y¢ M2 imply 
that y¢ M2; hence y€R and ye M2 imply that Me. Therefore 
RN M4 C and hence RN M2. 

Next, let A be any ideal in R. Let y€ (AR)NR and let q be any 
positive integer; then y€ AR implies that y= D.ajz with a, in A and % in 
R so that with u; in R and & in M4, hence y= Yaw, 
with Samu; in A and Sat; in M4; since Sat; = y — Saw; with y in PR and 
Dau; in we have RN M4 M24 so that y= Yaw, + Sate A+ Me 


Thus Cf) (A+ M2) =A, and hence (AR) Now it i 
q=1 


obvious that if A is principal then so is AR, so assume conversely that AR 
is principal and let ¥ be a generator of AR. Then it is obvious that if 7=0 
then A 0, so assume that 740 and let q be the unique integer for which 
y€ and y¢ M%* so that ARC M¢and ARC Since 
there exists y in A such that y¢ Me. Since MM R= y¢ Mm. 
Now y= gz with z in R. Since M4 and y¢ z must be a unit inf 
and hence AR =yR so that A= (AR)N R= ((yR)R)N R—yR. 

Finally, take y in KM R, then y=2z/t with z€ R and 0O?#E R, hence 
z=ty€ (tR)N R=#R, and hence y—2/t€ R. Therefore KN RCR, and 
hence KN 


Lemma 3. (A form Weierstrass Preparation Theorem) Let R be the 
formal power series ring in %1,°* (n>1) with coeff- 
cients in a field k, and let M be the mazimal ideal in R. Let L be “ the line 
*=2,=0.” Let and let N be the mazimal 
ideal in S. If y is a nonzero element in R to which L is non-tangential, then & 
there exists a unique unit y* in R such that y=yy*, where = 4+ 
+--+ 8S, b—Ar(y); furthermore y,,° are necessarily in N. 
If z is a nonzero element in S[z,], t is a non-unit factor of z in R such that 
L is non-tangential to t, t* is the unique unit in R such that t= ¢’t*, where 
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d=Ar(t), then L is non-tangential to z 
and t’ divides z in S{2,]. Finally, if e is a non-zero element of R, and 
Un 18 a basis of M, and either k ts infinite or Ag(e) S2—n, then 
there exist elements ay in k such that letting u41= dau; we have that 

-+,U, is a basis of M and the line v,=- - -=v,—0 ts non-tangential 


Proof. Follows from well known considerations; see for instance Expose X 
in H. Cartan’s Seminar of 1951-1952. The final statement follows from the 
facts that the projective plane over any field has at least three rational points, 
and that in a projective space over an infinite field there exist rational points 


lying outside a given hyper-surface. 


LemMaA 4. Let (R,M) be a one dimensional noetherian local domain 
with quotient field K. Then the integral closure S of R wn K ts a principal 
| ideal domain with only a finite number of prime ideals Py, --,Pn (n>0), 
so that S as the intersection of R,,,- + +,Ry, where v; is the real discrete 
valuation of K with Ry,—=Sp,, each has center M in R and - 
are the only valuations of K whose valuation rings contain R. Furthermore, 


if R is complete then n=1.8 


Proof. Everything except the last statement follows from [Krull 10, 
Section 39]. Now assume that R is complete. Let a be any element of P,, 
and let f(X) = fn be the monic polynomial of least 
_ degree with coefficients f; in R such that f(a) =0. Thenaé€ P, andfj,e RCS 
for t= 1,---,m imply that R=—P. If some f; were not in M, 
then in view of the fact that S has no non-zero zero-divisors, by Hensel’s 
| Lemma applied to the monic polynomial f() over the complete local domain 
Rf we would get a monic polynomial g(X) in R[X] of degree smaller than m 
for which g(a) 0, whence f,€ M for all i. For any j, P; D P and hence 
fi¢ P; for all 7; consequently a” € P;, and hence a€ P;. Therefore P, C P; 
for all 7, and hence n= 1. 


Lemma 5. Let (R,M) be n-dimensional regular local domain such that 
R contains a coefficient field k, and let s be a non negative integer. Then 
R/M* can, in a natural way, be considered to be a vector space over k, 
find then its k-dimension is n(s) = ("8"), i.e. (i) there exist elements 
R such that, if + are elements in k with 


: *The proof given below yields that, more generally, without the assumption of R 
being one dimensional, if R is complete then S has a unique maximal] ideal, i.e., S is a 
local ring. 
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are elements in R with t>n(s), then there exist c,,- - -,¢ in k, which are 
not all zero, such that ¢,2, +: 1s in 


Proof. Since k C R, R as well as M* and hence R/M* can be considered 
as vector spaces over k. Fix a minimal basis 2,,---,2, of M and let y,,---,y, 
be all distinct monomials in 2z,,- - -,2, of degree <<s. Then g—n/(s) and 
by well known properties of regular local domains it follows that y,,- - -,y, 
form a k-basis of R modulo M*. 


Lemma 6. Let V and V* be normal irreducible projective algebraic 
varieties over an algebraically closed ground field k, let p be a regular bi- 
rational map of V* onto V, and let K’ be a finite separable extension of 
k(V) =k(V*). If K’/V is tamely ramified then so is K’/V*. 


Proof. Follows from Lemmas 6 and 7 of Part I and [Abhyankar 5, 
Proposition 1.50 of Section 7]. 


Lemma 7. Let R be a subdomain of a field K, let 2,- + -,2q be 
elements in R with x, 0, let M be the ideal in R generated by 2,,- 
let S=R[22/21,- * *,2n/2] and let a be any element of K. Then a€ 8 if 
and only if there exists such that z,9a€ and a€ 2,8 tf and only 
if there exists q=0 such that € M2". 


Proof. The statements being obvious for n—1 we shall take n>1. 
First assume that a€ S. Then a=f(%2/2,° +, %n/%1) with f(Yo,- -, Yn) 
F(X,,-:-,Xn) is a form of some degree g=0 with coefficients in f, 
and we have =F - -,%,) € M%. Conversely, assume that M! 
for some g=0. Then where F(X,,:--,Xn) is a 
form of degree g with coefficients in R and hence a=F(%,- - -,%q)/2! 
= * € S. Now assume that a€ 2,8. Then with 
b€ S so that € M4 for some g = 0, and hence x,%a = x, € Con- 
versely assume that € for some Then 2,%a = 
where F'(X,,- - -,X,) is a form of degree g-+1 with coefficients in and 
hence a/2, = F(21,° = F(1, %n/%1) € 8 so that a €z,8. 


Lemma 8. Let Gand H be finite cyclic groups and let a: G—>H be an 
epimorphism. Let h be a generator of H. Then there exists a generator 9 
of G for which a(g) =h. 


Proof. Let m be the order of G and let n be the order of H. Then 
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divides m. Let r be a generator of G. Then for some integer u,a(1) =h. 
Let Pay * Qo be the distinct prime divisors of m so labelled that 
Pa Go not divide wu, and do divide u. Let v=np,- pa, 
let u-+v, andletg=—r”. Since r is a generator of G, is a generator 
of H. Since h—a(r*) = (a(r))* is also a generator of H and since H is 
of order n, it follows that u and n are co-prime and hence q,,° - -,qg» do not 
divide n, which implies that they do not divide v, and hence they do not 
divide w. Also, any p; does not divide u but does divide v, and hence does 
not divide w. Therefore, none of the prime factors -, Pay * Qo Of 
m divide w, and hence g is a generator of G. Since H is of order n, and n 
divides v, we have a(r)”=1 and hence a(g) =a(r)***=a(r)*=h. 


3. Quadratic transforms of regular local domains. Throughout this 
section, (#, MZ) will denote a regular local domain of dimension n > 1, with 
quotient field K. 


DEFINITION 1. A local domain (R,,M,) with quotient field K will be 
called an immediate or a first quadratic transform of R tf there exists x€M, 
c¢ M? such that R, is the quotient ring in K of R[Mza-*] with respect to a 
maximal ideal in R[Ma-*] containing x, where R[Mza-*] denotes the ring 
obtained by adjoining to F all the elements in K of the form yz“ with y in M; 
now M and M* implies that there exists a minimal basis 
OL M and then R[ Maz] - -,%n/2,], and hence by 
Lemma 1, R, is a regular local domain of dimension n having center M in R. 
By induction we define an m-th quadratic transform of R to be an immediate 
} quadratic transform of an (m—1)-st quadratic transform of R. Also we 
shall call R its only 0-th quadratic transform. Finally if R* is an m-th 
quadratic transform of R for some non-negative integer m, then we shall say 
that R* is a quadratic transform of R. 


: LemMaA 9. Let (R*,M*) be an immediate quadratic transform of R, 

and let 2,,- - -,Z, be a minimal basis of M. Then there exists 1 such that 
| 4/%€ R* for j—=1,---,n; and if we choose any one such value of %, then 
| setting S=R[z,/z,° ++, 2n/%] we have that R* D8, N=SOM* is a 
maximal ideal in S containing R* = Sy, M* = NR*, MR* =2z,R*, and 
is part of a minimal basis of M*. Also R* AR. 


Proof. By definition there exists r€ M, «¢ M? such that R* is the 
quotient ring of R[ Mz] with respect to a maximal ideal containing z. Let 
' be a valuation of K having center M* in R*. Then z,/x€ R* implies that 
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v(z;/x) = 0 for all j, and hence v(z) =v(M). Since -,%n is a basis 
of M, there exists such that v(z;) =v(M) and then v(2,/x) =0; 
and this, in view of the fact that z;/z is in R*, implies that 2/a is a unit 
in R*, and hence z/z; is in R*, which in turn implies that 2;/z; = (2;/2x) (#/z;) 
is in R* for all j. Now fix « such that 2/2, is in R* for all 7, and let 
S = +,2n/%]. Then R* DS. Let N=SOM*. Then canonically 
R*/M* D S/N D R/M; since by Lemma 1, R*/M* is algebraic over R/M, 
S/N must be algebraic over R/M. Since z.€ M*OS—N, by Lemma 1 we 
conclude that V is a maximal ideal in S. Let R, —Sy and M,—NS. Then 
R* has center M, in R,. Now v also hag center M, in Ay, and 2/2; is in R,, 
and v(x/z) =0; whence z/z; is a unit:in R, Hence R[Ma*] C R,, and 


M* R[ = (M,N R[ Ma] 
— M,N R[M2*] = (M,N N R[ Ma] = M,N Me]. 


Therefore 2, = R*. By Lemma 1, 8/28 is a polynomial ring, over a field, in 
n—1 > 0 variables, and hence contains infinitely many maximal ideals ; there- 
fore S is not a local ring. Hence R* CS and therefore R* CR. Since 
23 = (2;/%)% and (2;/%) € R*, MR* = (2,,- = 2,k*, and by Lemma 
1, z; is part of a minimal basis of M*. 


Lemma 10. Let (R,,M,) and (R’,M’) be two distinct immediate 
quadratic transforms of R. Then there exists a minimal basis 
of M such that x;/x,€ Ry R’ for all 7. Also, any given valuation of K can 
have center at the maximal ideal of at most one immediate quadratic trans- 
form of R. 


Proof. Let y:,- * *,Yn be a minimal basis of M, let v be a valuation 
of K having center M, in R,, and let v’ be a valuation of K having center J’ 
in R’. If for some v(yi) —v(M) and v’(y:) =v’ (M), then, relabelling 
the y; so that y;=y, and taking z;—~y; for all 7, we are through. In the 
contrary case, we can relabel the y; so that v(y:) =v(M) Av(y2), and 
v’ =v’ (M) Av'(y:). Let y2 and 2;—y; for all Then 
v(x,) =v(M) and v’(z,) =v’(M), and thus the first assertion is proved. 
Now suppose if possible that a valuation w of K has center M, in R, and 
center M’ in R’. Let - Then by Lemma 9, SN; 
and SM’ are distinct maximal ideals in 8S. However Mu 
= S81 M’, which is a contradiction. Hence the second assertion is proved. 


Lemma 11. Let (R*,M*) be a quadratic transform of R. Then there 
exists a unique integer m such that R* is an m-th quadratic transform of Ff; 
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also there exists a unique sequence R= Ry, R,,: - -,Rm=R* such that 
is an immediate quadratic transform of Ri. for i=1,---,m. Furthermore 
Rm are the only quadratic transforms of R which are contained in 
kR*, Also, if v ts a valuation of K having center M* in R*, then Ry,- - -,Rm 
are the only q-th quadratic transforms of R with qm, which are contained 
in R, (tt ts obvious that in each of them v has center at the maximal ideal). 


Proof. Follows from Lemmas 9 and 10 by induction. 


DEFINITION 2. Let v bea valuation of K having center M in R and of 
R-dimension ero. Then by Lemma 11 above and [Abhyankar 4, Lemma 10] 
it follows that for each m there exists a unique m-th quadratic transform 
(Rm, Mm) of R such that v has center My in Ry; and then for all m, Ry is 
an immediate quadratic transform of Rm+, and the Ry-dimension of v is zero. 
We shall say that Ry, 1s the m-th quadratic transform of R along v and that 
R,, is the quadratic sequence of R along v. 


Lemma 12. Let (R, M) be an n-dimensional regular local domain such 
that the quotient field K of R contains K as a subfield, R has center M in R, 
MR= M, and the natural monomorphism a: R/M— R/M is an epimorphism. 
For an immediate quadratic transform (R,,M,) of R set rR, =R,NK and 
7M,=M,NK; then R, has center in rR, (rM,)R, M,, and the 
natural monomorphism +R,/7M,—> R,/M, is an epimorphism. Furthermore, 
r maps the set of all immediate quadratic transforms of R in a one to one 
manner onto the set of all immediate quadratic transforms of R. 


Proof. Let 2,,° + +,2%, be a minimal basis cf J/, then it is also a 


minimal basis of WM. Let 
S == Rl > +, and §— z,/2,,- 


First observe that (2,5) S= 2,8; it being obvious that (2,8)N S D 2,8 it 
is enough to show that (2,:5)N 8 C 2,8, so let y€(21:8)N S; then by Lemma 7% 
there exist non-negative integers g and ¢ such that 2,2y€ M%* and x,'ye Mt, 
now r,'y€ M* implies that R and hence 2,'*4y€ R, also M%* and 
M* imply that and hence by Lemma 2, 


Met Ro Mate 


and therefore by Lemma 7, y€ 2,8. Therefore there is a natural mono- 
morphism B: S/z,S—> 8/z,8 such that the diagram 
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S— 8/28 


S—— S/z,8 


is commutative where y and 7 are natural epimorphisms and 7 is the natural 
injection. By Lemma 1, (7,8)0 R=M and (2,5/N R) = M, hence we have 
natural monomorphisms R/ and p: R/M—> 8/2,8. It is obvious 
that the diagram 


R/ —— 8/2,8 


R/M——> S8/z2,8 


is commutative. Since a is an epimorphism and since S/z,S is generated over 
p(R/M) by p(22/2,),° Where are in S, we can 
conclude that B is an epimorphism. Therefore, via y-' and y*8™ we conclude 
that t maps the set of all maximal ideals in 8 containing 2, in a one to one 
manner onto the set of all maximal ideals in S containing 2,; and that if 
and P are corresponding members, then PS =P, and the natural monomor- 
phism S/P—>8S/P is an epimorphism; hence Sp has center PSp in 8). 
(PSp)Ss—PS,, and the natural monomorphism Sp/PSp— Sp/PSp is an 
empimorphism. Now everything follows by applying Lemmas 9, 10, 11. 


Proposition 1. Let (R, M) be an n-dimensional regular domain sucli 
that the quotient field K of R contains K as a subfield, R has center M in Bf. 
MR = M, and the natural monomorphism R/M — R/M is an empimorphism.' 
For any quadratic transform (R*, M*) of R set rR* = R* K and 
= M* OK. If R* is an m-th quadratic transform of R then rR* is an m-th 
quadratic transform of R and we have: R* has center +M* in -k*; 
= and (rR*) (7M for any non-negative integer 4; 
AR* Q (7+R*) =A for any ideal A in rR*, and A is principal if and only if 
AR* is principal; the natural monomorphism rR*/7M* > R*/M* is an epi- 
morphism; any completion of R* is also a completion of +R*; denoting by 
R= Ry, Rm = R* and R = Ry, +, Rm = the unique sequences 


‘ These conditions are satisfied if (R, M) is a completion of R. 
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of successive immediate quadratic transforms given by Lemma 11 we have 
rR; for i=0,1,---,m, and -,Rm are the only quadratic 
transforms of R which are contained in R*. Furthermore, + maps the set of 
all transforms of R in a one to one manner onto the set of all quadratic 


transforms of R. 


Proof. Follows from Lemmas 2, 11, 12. 


4. Additional considerations for quadratic transforms of two dimen- 
sional regular local domains. Throughout this section (R, IM) will denote 
a two dimensional regular domain with quotient field K, (R, M) will denote 
a completion of R, and K will denote the quotient field of R. Note that by 
| Abhyankar 4, Theorem 3], every two dimensional regular local domain with 
quotient field K having center V in FR is a quadratic transform of R. We 
shall, all through the paper use this result tacitly. The use of this result 
can be avoided by replacing the phrase “two dimensional regular local domain 
with quotient field K having center M in R” by the phrase “ quadratic trans- 
form of R.” However the use of the first phrase will make our definitions and 


results sound more intrinsic. 


DEFINITION 3. Let A bea non-zero principal ideal in R, and let (S,N) 
bea two dimensional regular local domain with quotient field K having center 
Min R. Then AS=QiN- -NQeNQerN: where -,Q: are 
uniquely determined primary ideals whose associate prime ideals P,,: - -,P: 
are distinct one dimensional prime ideals in 8. Since M0, there are at 
most a finite number of one dimensional prime ideals in S which contain M. 
Label the P; so that MC P, for i=1,---,s and MCP, fori=s+1,---,1. 
We define 


S®| =the S®-transform of 
1) =the multiplicity of A at 


Note that Rads(S”[A]) = and pee(A) =Ar(A), and 
that if A=A,---Ag where A,,---,A, are principal ideals in R then 
SRA] = S®[A,]- - AQ]. 


Lemma 13. Let (x.y) be a basis of M. There exists a unique imme- 
diate quadratic transform Tx of R which does not contain y/x. Let H be the 
set of all immediate quadratic transforms of R other than Ty. Let S=R[y/z] 
and let + be the canonical homomorphism of S onto S/xS, let k=+7(R) and 
Y=r(y/xz). Then k is a field, is transcendental over k and S/7S = k[y]. 
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Let W be the set of all maximal ideals in [ky], and let W be the set of all 
maximal ideals in S containing x. For w in W denote r(w) by t. Then 
w—> w@ is a one to one map of W onto W, and w— Sy is a one to one map 
of W onto H. For each win W fix a generator w’(Y) of @ and let w*(\,Y) 
be the unique form in k[X,Y] which is not dwisible by X such that 
w* (1,9) =w’ (9) ; let us denote Sy by Tweix,y). Then (i) for any w in W, 
w*(X,Y) is irreducible; (ii) for distinct w, and we in W, w*,(X,Y) and 
w*,(X,Y) are co-prime; and (iii) any trreducible form of positive degree 
in k[X,¥] which is not divisible by X is a constant multiple of w*(X,Y) 
for some w in W. Let z be a non-zero element in R, let €=Ar(z), and lei 

=f(X,Y) bea form in X,Y] which either equals X or equals w*(\,Y) 
for some w in W. Then MT, ts. a one-dimensional prime ideal in Ty, any 
generator of MT; is part of a minimal basis of the maximal ideal in T;, ther: 
exists a unique principal ideal B in T; such that zTy=B(MT;)§, and then 
BO MT;. Furthermore B=T, if and only if the reduced R-leading form 
of z with respect to (x,y) is not divisible by f(X,Y) in (R/M)[X,Y]. 


Proof. By Lemma 1, N’ = (z/y,y)S’ is a maximal ideal containing y in 
S’ = R’[x/y], and x/y,y is a minimal basis of the maximal ideal Vy in the 
immediate quadratic transform 7’; = S’y of R. Now 2/y€ Nx implies that 
y/x¢ Tx and hence Ty. Next, if (7T,N) is any immediate quadratic 
transform of R such that y/x¢ T, then by Lemma 9, x/y€ T and, in view 
of the fact that y/x ¢ T, we have that z/y€ N, and hence NN S’ DN’; since 
N’ is maximal, Lemma 9 tells us that T7—Ty. Therefore by Lemma 9. 
w— S» is a one to one map of W onto H. Via 7, we also conclude that as v 
runs over W, w*(X,Y) runs over mutually co-prime irreducible forms of 
positive degree in k[ X,Y] which are prime to Y, and that any such form 
is a constant multiple of w*(X,Y) for some w in W. 


It follows from Lemma 1 that 4=—7(F) is a field isomorphic to R/M, 
and §/rS is a polynomial ring in one variable y over k. Next, Ar(z) =¢ 
implies that z=¢(a7,y) where ¢(X,¥) is a form of degree € in Y, Y with 
coefficients in # but not all in M, and hence denoting by (X,Y) the form 
obtained from ¢(X,¥) by reducing its coefficients modulo M, we have 
$(X,¥)40. Now z—¢(2,y) =25$(1,y/x), and $(1,y/x) ¢ 28 because 
$(1, ~0 and because ¥ —7(y/z) is transcendental over &. Fix w in VW, 
let f=f(X, Y) =w*(X, Y) and let Ny be the maximal ideal in 7). Since 
aS is a prime ideal contained in w, we have (2T;) 1 S28, and hence 
o(1,y/x) aT; By Lemma 1, MT, and is part of a minimal basis of 
N;; hence M7’; is a one-dimensional prime ideal in 7;, and there exists a unique 
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principal ideal B in Ty such that B(MT;)’, namely B= (1, y/x)Ty 
and BO. MT;. Since N;NS=—w, $(1,y/x) is a unit in T; if and only if 
g(1,y/x)¢w. Also, via r, we know that $(1,y/z)¢w if and only if 
w*(1,9) does not divide $(1,9) in k[g], i-e., if and only if w*(X,Y) does 
not divide $(X,Y), and it is clear that ¢(X,Y) is the reduced R-leading 
form of z. The case of 7’y is entirely similar. 


Lemma 14. Let v bea non-real valuation of K having center M in R. 
Then (i) v is composed® with a unique real discrete valuation w of K so that 
v=wov* where v* is a valuation of Ryw/My; furthermore, v* ts also real 
discrete and Ry, D R, and denoting My~NR by Py we have that Py either 
equals M or is a one dimensional prime ideal in R. Now assume that PyAM ; 
then (ii) Ry = Rp,; (iii) v has a unique extension & to K for which Rs D R; 
(iv) & has center M in R; (v) C=WoOT* where w is a unique real discrete 
valuation of K and t* is a unique real discrete valuation of Rz/My; 
(vi) Pp = RN My is a one-dimensional prime ideal in R; (vii) PBN R= Py; 
and (viii) PyR—P;H where H is a principal ideal in R. Now let Py 
denote a one-dimensional prime ideal in Rk, and let w be the real discrete 
valuation of K with Ry=Rp,. Then (ix) there is at least one, and at 
most a finite number of valuations v*,,- - -,v*s of Ry/My whose valuation 
rings contain R/P,; furthermore, (x) each v*, ts real discrete and has 
center M/Py in R/Py; (xi) == +, wov*, are exactly all 
the distinct non-real valuations of K composed with w and having center 
Mink. (xii) If R is complete then s =1; hence in the general case we may 
denote by 0; the unique non-real valuation of K having center M in R which 
is composed with i;, where P,,---,P; are the distinct one dimensional 
prime divisors of P,R in R, and Rg, = Rp,; then (xiii) s=t, and (xiv) we 
can label the 0; so that for j=1,- - -.s; 0; is the unique extension of v; to K 
having center M in R. 


Proof. (i, ii, ix, x, xi, xii) follow from [Abhyankar 4, Theorem 1; 
Abhyankar 5, Lemma 4.2 and its proof in Section 15] and Lemma 4 
above. By [Abhyankar 2, Lemma 13 of Section 7] v can be extended to a 
valuation 3 of K having center M in R, also any other K-extension of v whose 


valuation ring contains R must have center M in # since M is the only ideal 
in R which contracts to M in R. By (i), 5—=®08* where @ is a unique real 
discrete valuation of K and 0* is a unique real discrete valuation of Ry/My. 
Now Rg D R and MzNR~0; hence therefore R,~0. 


° For the concept, notation and results on composite valuations see [Abhyankar 5, 
Section 14]. 
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Since M, and M, are the only non-zero prime ideals in R,, we must have 
MzNR,—M, or M,. However Mz R,=M, would imply that @ is a R- 
extension of v which cannot be the case since # is real while v is not; hence 
M;, R, = M,, and hence @ is an extension of w to K. Now R) OR 
= M,, R is one dimensional, and hence must be one dimen- 
sional ; this proves (iv, v, vi) and now (vii, viii) follow immediately. Next, let 
p, and q; be the K-restrictions respectively of 0; and #;. Then p; has center | 
in R. Also R= (My,N Rk) NR=P,OR=P,, and hence g=w Fp, 
Since R, = Rz, D Rp, pi is composed with w, and hence by (i, ii) we conclude 
that p;—v; for some j. Thus, K-restriction gives a mapping of the set 
Ui,° * *, 0 onto the set v,,- - -,vs; and hence the proof of (xiii, xiv) would 
be complete if we show that the inverse of this mapping is single valued, i.e., 
if we prove the uniqueness part of (iii). Assume, if possible, that v has two 
distinct K-extensions 7 and @ having center M in R. By [Abhyankar 4, 
Theorem 1], @ and @’ are of R-dimension zero. By [Abhyankar 4, Lemma 12], 
there exists n such that the n-th quadratic transform S of R& along 7@ is different 
from the n-th quadratic transform S’ of R along v. Let S=SCK and 
S’=S’ K. Then by Proposition 1, S and S’ are distinct n-th quadratic 
transforms of FR and clearly both are along the common K-restriction v of 7 
and @. This contradicts Lemma 11. 


DEFINITION 4. Let A be a nonzero principal ideal in F and let 
A=@Q,M--+-NQ; be the decomposition of A into primary ideals such that 
the associated prime ideals P;,- - -,P; are distinct one dimensional prime 
ideals. Let v be a nonreal valuation of K having center M in FR such that, 
for the real discrete valuation w of K with which v is composed, M, 1 RP is a 
one-dimensional prime ideal in Rk. If My~ARDA then we shall say that ¢ 
is a valuation branch of A at R; note that then for a unique i, My R=? 
and we shall say that Q; is the v component of A. By @(A,R) we shall denote 
the set of all valuation branches of A at R. By Lemma 14 it follows that 
the valuation branches of A at FP are in one to one natural correspondence 


with the one dimensional prime divisors of AR in R, i.e., “the analytic 
branches of A at PR.” Also by Lemma 14, @(A,F) is a finite set and it is 
empty if and only if A—R. 


LemMaA 15. Let (S,N) be a two dimensional regular local domain with 
quotient field K having center M in R, and let A and B be two nonzero 
principal ideals in R. Then we have the following: (i) v€ @(S®[A],8). 
if and only if, ve @(A,R) and v has center N in 8S; (ii) If A is a product 
of distinct one dimensional prime ideals in R (i.e., if AQ. u?R for any non- 
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unit u in R), then S®[A] ts a product of distinct one dimensional prime 
ideals in S; (iii) If A ts prime one dimensional ideal in R, then S®[A] either 
equals S or is a prime one dimensional ideal in S; (iv) If urr(A) S1, then 
usx(A) S13? (v) If A and B have no common one dimensional prime tdeal 
factors in R, then S®[A] and S®[B] do not have any common one dimen- 
sional prime ideal factors in S. Now let (S;,Ni) be a two dimensional 
regular local domain with quotient field K having center N in S; then (vi) 
= 


Proof. First take v in @(S"[A],S8), and let w be the real discrete 
valuation of K with which v is composed; then Q = M, S is a one dimen- 
sional prime ideal in S containing S?[A]. Now Ry 7S D Rand P=M,NR 
is a prime ideal in R. Since K is the quotient field of R, P40. Also, by 
the defienition of S?[A], MS @Q and hence PAM. Therefore, P is a one 
dimensional prime ideal in R, and PDA since QD S®[A] D AS; since v 
has center N in S, v must have center M in R; this shows that v€ @(A, FR). 
Now take v in @(A,#) such that v has center VN in S. Then M,N RF is a 
one dimensional prime ideal in FR containing A and (M,N S)NR=—=M, OR, 
hence M, © S is a one dimensional prime ideal in § containing AS but not 
containing MS; therefore v€ @(S*[A],S8). This proves (i). If A and B are 
as in (v), v and v” are elements respectively of @(S?[A]; 8) and ©(S*[B], 8), 
and w and w’ are the real discrete valuations of K with which, respectively, 
v and v’ are composed, then as in the proof of (i), (M ~NS)NF and 
(M,:A8) OR are one dimensional prime ideals in R containing A and B 
respectively ; hence these contractions to # are distinct; hence MyM S and 
My AS are distinct one dimensional prime ideals in S; this shows that 
@(S*[4],S) and @(S#[B],S) have no elements in common; hence S*[A] 
and S*[B] have no common one dimensional prome ideal factor in 8. This 
prove (v). 

Now assume that A is a prime one dimensional ideal in R and S?[A] 8S. 
Then @(S?[A],S) contains a valuation v. Let w be the real discrete 
valuation of K with which v is composed. By (i), v is in @(A,#) and since 
A is prime, M, 0 R=4A; hence w(A) 1. Therefore w(AS) —1 and hence 
w(S®{A])=1. However, @(S®[A],S) implies that w(S?[A]) >0; 
hence w(S?[A]) —1, MyM S is the v-component of S?[A]. Since A 
is prime, every valuation in ®(A,#) is composed with w; and hence by (i), 
so is every valuation in @(S*[A],S8). Therefore S?[A] —M, 8, which 
implies S®[A] is a one dimensional prime ideal in §. This proves (iii). 
Now (ii) follows from (iii) and (v) in view of the fact that if A—=A-- - A, 
where A,,- - -, 4; are principal ideals in R then S?[A] = S*[A,]---S®[A;]. 
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Now assume that per(4) 1. If urr(A) =0 then A =F and hence 
S8[A]=S so that =0. Now assume that =1 and let 
be a generator of A. Then there exists y in & such that (z,y) is a minimal 
basis of M. If x/y is not in S then by Lemma 9, MS—<2z8 and hence 
S®(A] =S; if z/y is in S but not in N then by Lemma 9, MS —yS and 
AS = y(a/y)S = MS and hence S*[A] =8; finally assume that x/y is in 
then x/y€ R[x/y] NN, since (x/y,y)R[x/y] maps onto the prime ideal 
generated by the yR[a/y]-residue of z/y in R[x/y]/yR[2/y], we conclude 
that (z/y,y) is a prime ideal in R[2/y] containing y, and hence (2/y,y) 
= R[x2/y]ON; this implies that (z/y,y) is a minimal basis of N, hence 
(x/y)S and MS =—yS do not have a common one dimensional prime divisor 
in S, and AS = ((2/y)y)S; from this we conclude that S#[A] = (x/y)S and 
As(2/y) =1, 1.¢., =1. This proves (iv). 

Lemma 16. Let A bea nonzero principal ideal in R other than R. Let 
V1," Uz be the distinct members of @(A,R). Then t=1 and for eachiSit 
and each m= 0 there exists a unique m-th quadratic transform (Smi, Nmi) 
of R such that 1; has center Nm in Smi. If Sm is any m-th quadratic trans- 
form of R, then us,,r(A) tf and only tf Sm =Smi for some 


Proof. By [Abhyankar 4, Theorem 1], each v; is of R-dimension zero 


and now everything follows from Lemma 15 and Definition 2. 


DEFINITION 5. Let V be a nonsingular projective algebraic surface over 
an algebraically closed ground field & and let P be a point on V. Then there 
exists a nonsingular projective algebraic surface V, and a regular birational map 
f, of V, onto V such that P is the only fundamental point of f,-?, f:-*(P) isa 
nonsingular irreducible algebraic curve biregularly equivalent to the projective 
line over k, and the set of quotient rings of all the points of f,7"(P) on J; 
coincides with the set of all immediate quadratic transforms of Q(P, V), [See 
Zariski 14]; we shall say that the pair (V,,f1) ts an immediate quadratic 
transform of V with center at P. If (Vo, f2) is an immediate quadratic trans- 
form of V, (for which the center may or may not be in f,*(P)) then we 
shall say that (V»,f:f.) is a second quadratic transform of V. In this 
manner by induction we define an m-th quadratic transform* of V and finally 


® We may have S,,, = S,,, for ij. More information concerning this is provided 
by Lemmas 13 and 14, The consequence of Lemma 16, to the effect that for each m 
there is at least one and at most a finite number of m-th quadratic transforms S,, of 2 
for which um,2,(4) ~ 0, can also immediately be deduced from Lemma 13. 

7 Note that if P* is a point on an m-th quadratic transform (V*,f) of V, then 
Q(P*,V*) is an q-th quadratic transform of Y(f(P*), V) for some g =m. 
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a quadratic transform is to mean an m-th quadratic transform for some m 
| (for m= 0, (V,1) is to be the only 0-th quadratic transform of V). 

Now let W be a curve on V with irreducible components W,,- --,W: 
and let (V*,f) be a quadratic transform of V, let W* =f“[W], let P* be a 
point of V* and let P—=f(P*). Let A=M(P,W,V) =the tdeal of W at P 
on V, let B be a defining ideal of W at P on V, and let A* = M(P*, W*, V*) 
be the ideal of W* at P* on V*. Then it is clear that f*[W:,],- - -,f*[ We] 
are the distinct irreducible components of W*. Let R=Q(P,V) and 
| §=Q(P*,V*). We define: 


\(W;P,V) = multiplicity of W at P on V—Apr(A) 
u(W;P*, V*,f) = multiplicity of W at P* on V* for the map f—ps,r(A4). 


From the results of this section, we at once deduce the following: (1) A* 
=SF[A], (2) S®[B] is a defining ideal of f-*[W] at P* on V*, (3) BS isa 
| defining ideal of f-1(W) at P* on V*, (4) »p(W; P*, V*, f) =A(W*; P*, V*). 


Lemma 17%. Assume that R is complete, let z be a nonzero nonunit in R, 
and let A(z) =f,- - -f, bea factorization of A(z) into pairwise coprime forms 
Then 2==2,: + +2; where are elements of R with 
A(z) =fi for i—1,---,t. In particular, if A(z) factors into two coprime 


linear forms, then z= 2,22 where (21,22) is a basis of M. 


Proof. Everything will follow if we show that, A(z) fg where f and g 
are coprime forms implies that z is reducible in R. Assume the contrary. 
| Then by Lemma 14, @(zR,F) contains a single element v. Since f and g 
are coprime, by Lemma 13 there exist two distinct immediate quadratic trans- 
forms S and S, of R such that S?[zR] AS and S,"[zR] ~8,, however in 
view of Lemma 16 this is a contradiction. Hence the lemma is proved. 

Now using Lemma 3 we shall give another proof in case R and k/M 
| have the same characteristic and either R/M is infinite or A(z) S2. Again 
everything will follow if assuming that A(z) = fg with coprime forms f and g 
we show that z is reducible. Tet & be a coefficient field in R. In view of 
; lemma 3 we may assume that z=2?-+-f,(y)at+-+---+f,(y) where 2,y 
isa basis of M, g A(z), and fi(y) € S=k[[y]]. Since Ar(z) =, we must 

have As(fi(y) ) = 7; hence fi(y) =y'gi(y) with gi(y) € S. Taking R-leading 
| forms with respect to (k,2,y) we have 


A(z) -+9,(0)¥¢= A(X, Y)B(X,Y) 


where A and B are nonconstant coprime forms in k[X, ¥] of degrees a and b 
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respectively, such that a + b =q, the coefficient of X* in A is 1, and the coeff 
cient of X° in Bis1. Hence g,(0)X¢*+-- - -+ = A*(X)B*(X) 
where A*(X) and B*(X) are nonconstant monic coprime polynomials in 
k[X] of degrees a and 6 respectively. Let F(X) —=X%+9,(Y)Xe'*+--. 
+ Then F(X) =A*(X)B*(X) (mod Y). Therefore 
by Hensel’s lemma applied to the polynomial F(X) over the complete local 
domain k[[Y]], we get 


F(X) = [X* + Ga V)][X°+ 
with a,b > 0,a+b—gq, and Therefore 


X04 
—[X°+ +--+ 
and hence 


Remark 1. Lemma 17 is false for complete regular local domains of 
dimension n > 2 as can be seen from the following example: Let z,,- - -, 2, be 
independent variables over a field & of characteristic p, and let z= 2,'+ 2,' 
+ x + € S=k[[21,- -,2n]] where ¢ > 3 and ¢ is prime to p in case 
p30. Applying the Jacobian Criterion to the hypersurface F' given by 
X,'-+ X,! + X,' + X,X,X; —0 in the affine n space over the algebraic closure 
k of k with coordinates X,,- - -,X;, one can verify that the singular locus of 
F is the n—3 dimensional linear space: X¥,—X.—X;—0; hence F i 
normal everywhere, hence in particular F is normal at X,—- - -—X,=(, 
and hence $/z8 is en integral domain, i.e., z is irreducible in S. However 
A(z) =X,X,X, has the pairwise coprime factors X,, X2, Xs. 


5. Normal crossings in a regular local domain. 


DEFINITION 6. Let (R,M) bea regular local domain of dimension n. 
let (R, M) be a completion of R, and let Q be an ideal in R. We shall say 
that Q has an m-fold strong normal crossing at R if there exists a minimal 
basis 2,,° of M such that Q=2,%- - with u;>0; m is ther 
uniquely determined by Q; in fact if y,,- - -,Y, is any other minimal basis 
of M such that Q = y."- - with > 0, then m = and after a suitable 


relabelling of the y; we have 7; and for i—1,- where 4 
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jsa unit in R.& If QR has an m-fold strong normal crossing at R then we 
shall say that Q has an m-fold normal crossing at R. It is obvious that if Q 
has an m-fold strong normal crossing at R, then Q has an m-fold normal 
crossing at R. If Q has an m-fold normal crossing (respectively: m-fold strong 
normal crossing) at R for some m, (mn), then we shall say that Q has a 
normal crossing (respectively: strong normal crossing) at R. 


Now let A be a principal ideal in R. Then it is clear that A has an 
m-fold strong normal crossing at R if and only if RadgA has an m-fold 
strong normal crossing at R, and this is so if and only if there exists a minimal 
hasis 2%» of M such that Radp A Also, A has an m-fold 
normal crossing at # if and only if RadgA has an m-fold normal crossing 
at R, which is so if and only if Radg(AR) has an m-fold strong normal crossing 
at R, and this is so if and only if there exists a minimal basis z,,- - -,z, of M 
such that Radg(AR) Furthermore, if R is the quotient ring 
of a point on an n-dimensional irreducible algebraic variety, if A is a defining 
ideal of a pure (n—1)-dimensional subvariety W of V at P, and if B is the 
ideal of W at P on V, then Radg A = B and Radg(AR) = (Radg A)R = BR. 
Hence in the geometric case the definitions given here coincide with those of 
Part I. 


Lemma 18. Let (R,M) be a regular local domain of dimension n> 1, 
let Q be an ideal in R, and let (R*,M*) be a quadratic transform of R. 
(i) If Q has a normal crossing (respectively: a strong normal crossing) at R, 
then QR* has a normal crossing (respectively: a strong normal crossing) at R*. 
(ii) If Q contains an ideal having a normal crossing (respectively: a strong 
normal crossing) at R, then QR* contains an ideal having a normal crossing 
(respectively: a strong normal crossing) at R*. (iii) If Q is a principal ideal 
in R, then QR* has an m-fold normal crossing (respectively: an m-fold strong 
normal crossing) at R if and only if (RadreQ)R* has an m-fold normal 
crossing (respectively: an m-fold strong normal crossing) at R*. (iv) If 
R* AR, then MR* has an h-fold strong normal crossing at R* with h > 0. 


Proof. (iii) follows from the equality: 


*If g=0 then Q=R and hence m=O, now assume that g>0. Then 
and y,R is prime; hence 2, for some ix m. Relabel the 
so that w,€y,R. Since x, ¢ M*, we get 2,R=y,R. Since a,,° and *,Yn 
are minimal bases of M, we get a, and y, ¢y,R for any i>1. Hence a,%° 
is in but not in 2,4"R, and y,"1° - is in but not in y,"."R; i.e., Q is 
contained in 2,".R but not in aR, and Q is contained in #,°.R but not in a,%:"R. 
Therefore u, = v,, hence = and we can apply induction. 
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Radg+( (Radg Q) R*) = Radg-(QR*) ; 


(ii) follows from (i); and in view of Lemma 9, (iv) also follows from (i); 
also in view of Lemma 11 and Proposition 1, it is enough to prove (i) for 
strong normal crossings in the case when R* is an immediate quadratic 


transform of R. Let then 2x,,° - -,2, be a minimal basis of J/ such that 
Q=27,"- + +a,""R with u,=20. By Lemma 9, we can relabel the 2; so that 
yi == € R* for all 1, and we may further relabel the y; so that y2,- - -, 
Yq€ M* and yn¢ M*. Let - N=SOM*, let 
be the natural homomorphism of S onto S8/z,S, let o be the natural homo- 
morphism of S/z,S onto T= *,Yq)S. Since is a poly- 
nomial ring in the n—1 variables ry.,- + +,7Yn; 7’ must be a polynomial ring 
in the n—q variables orYgi1,° 0TYn. Also MFOS=N 
implies that orNV is a maximal ideal in 7 and hence has a basis of n—q 
elements Fix 2 in S such that orz;— 2% for -,n; 
let 2; = 2, and for i—2,---,qg. Then 2;,- -,2n, is a basis of N and 
hence a minimal basis of M*. Since yg.1,- °°, Yn are not in M*, they are 


units in R*, and we have 


Lemma 19. Let (R,M) be a two dimensional regular local domain with 
quotient field K, let A be an ideal in R, let (R*,M*) be a quadratic trans- 
form of R other than R, and assume that A has a normal crossing at R such 
that either (i) AR==y,"y."R where (y1,Y2) ts a basis of M and u, 1 and 
Uy = 1, or (ii) for every one dimensional prime ideal H in the immediate 
quadratic transform R, of R contained in R* we have that the completion 
of R,/H has no nonzero nilpotent elements.2 Then AR* has a strong normal 


crossing at R*, 


Proof. Because of Lemma 18, we may assume that R* is an immediate 
quadratic transform of R. Let (R*, M*) be the completion of R*. Let x, 
vt, be a minimal basis of M and let y;, y2 be a minimal basis of M such 
that AR=y,"y.“R. Let k be a representative set of R/M in R. Then 


° Note that assumption (ii) implies and is hence equivalent to the following: ifa 
nonzero nonunit a in R, is not divisible by the square of any nonunit in R,, i.e., if @ isa 
product of pairwise coprime nonunits in R,, then it is so also in the completion R, of Ry. 
This is clear if a is irreducible in R, and the general case now follows from the fact 
that if 6 and c are coprime nonunits in R, then (b,c)R, is primary for the maximal 
ideal in R, and hence (b,c) R; is primary for the maximal ideal in R, and therefore 
b and c are coprime in R,. Also note that assumption (ii) is satisfied if R is the 
quotient ring of a point on an algebraic surface. 
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w= + Ants + with y*;€ M? and ayjé€k. Since (21,22) and (41, y2) 
are both minimal bases of 1 we must have det | dij | ¢ M?; hence 2,2, is also 
a minimal basis of M where 7,—y:—y*;. Since 7€R, (2,2) is also a 
minimal basis of M. Relabel the y; so that z./z,€ R*. Let w,;—2z,. As in 
the proof of Lemma 18, either z,/z,;€ M* in which case, setting w.= 22/21, 
(w:,W2) becomes a minimal basis of M*; or z./z, is a unit in R* and hence 


also in R*, in which case there exists w. in R* such that (w,,w.) is a minimal 
basis of M*, and then w,42./z,. Now y*;=—fi(%,22) where fi(Z:,Z2) is a 
form of degree 2 in Z,, Z, with coefficients in R, hence y*; = fi (21, 22) = Wi°G 
with gi=fi(1,2./z:)€ R*. Therefore 
where 8; =1-++ w,q, is a unit in R*; and + (22/21) + Wi Ge 
=w,w where w= (2./2,) + W,q2. In case z./z, is a unit in R*, w is also 
a unit in R* and we have AR*—w,"R* with w—u,+u., and hence 
AR* = w,"R* because w, € R*. In case z./z, is in M*, w.—2z,/z,, and hence 
w=w,(modw,), and this implies that (w,,w) is also a basis of M* and 
AR* = w,"w’R* where v—u,. By Lemma 2, there exists ¢ in AR* such that 
t=w,“w’dS where 8 is a unit in R*. Since w, is in R*, w*8€ R*O K and 
hence by Lemma 2, w¢€ R*. Now w'sRk* is primary and hence so is 
wdR* = (w*dR*) 1 R*; hence w’§ =q"d where q is an irreducible nonunit 
in R*, dis a unit in R*, andh=O. If v—0O then AR* —w,"R*, so now 
assume that v= 1. In case of assumption (i), (w.,q) is a basis of M* and 
AR* = w,"qk*, so now assume that assumption (ii) holds. Then we must 
have q = w8’ where & is a unit in R* and hence (w,,q) is a basis of M* and 
hence also of J/* and we have AR* = w,"q’R*. 


Remark 2. Lemma 19 is false if (2, M) is a regular local domain of 
dimension n > 2, in fact it can then happen that A has a normal crossing 
at & and there exists an infinite sequence R = Ry, R,, R2,- - - of successive 
immediate quadratic transforms such that AR; does not have a strong normal 
crossing at R; for any 1. This can be seen from the following example: Let 
be a field and let -,2n, y be n +1 independent variables over k with 
Rj= (Bj)p,, M;—P;R;. Then R; is an immediate quadratic eransform of 
f;, and the completion (Rj, ;) of R; is the ring of formal power series over 
kin the n+1 variables -,@nj,y. Let a=a,3+ 2,22. Then by 
Lemmas 13 and 18, aR; has a normal crossing at R; for all j. Also 
a= + 22,8) yi + ; hence if we show that Y*)Zi+ XY is 
an irreducible elements of k[X, Y,Z], then it will follow that (X, + X.,5) Yi 
+X,;X.; is an irreducible element of &[X,;,- - -,Xnj,¥], and hence that 
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4- yi + is an irreducible element of R; of Rj-leading degree 2, 
and from this it will follow that af; does not have a strong normal crossing 
at Rj. 

For 7 >0, since X*-+ Y* and XY are coprime polynomials in X, Y, 
it is enough to show that Z/-+ (XY)/(X*-+ Y*) is an irreducible element 
of k(X,Y)[Z]; let z be a root of this polynomial in some extension L* of 
L=k(X,Y), let v be the valuation of LZ given by the irreducible element ¥ 
of k[X,Y], and let v* be an L*-extension of v; then 


v¥ (zi) =v*(XY/(X8+ Y*)) =v*(X), 


i.e., v*(z) =v*(X)/j; hence [L(z): L] =j and this proves our assertion. 
For j —0 we have the polynomial fF = X*+ Y*+ XY. If it were reducible 
then we would have: )(X+y) with a, B, y in KY]; 
since F = X*(mod Y ), there exists a nonzero element d in k& such that either 
(i) B=dY? and y=d"Y, or (ii) B=dY and y=d"Y?. Now a+y 
= (coefficient of X? in fF’) —0, so that a——y, and then Y = (coefficient of 
X in F) = ay + B=B—y’; hence in case (i): Y =dY*—d-*Y? and in case 
(ii): Y —=dY—d-*¥*; both of these are contradictions; therefore F is 


irreducible. 


Lemma 20. Let (R,M) be a two dimensional regular local domain, let 
where are primary ideals belonging to dis- 
tinct one dimensional prime ideals in R. Let (S,N) be a quadratic trans- 
form of R. Assume that each Q; has a strong normal crossing at R and that 
S®[A]| has an m-fold normal crossing at S with m=1. Then AS has a 


strong normal crossing at 8S. 


Proof. Now ®(A,#) is the union of the pairwise disjoint sets ©(Q;. 2), 
-- +,0(Q),R); by Lemma 14, @(S*[A],S8) contains at most one element; 
and by Lemma 15, @(S”[A],S) is contained in @(A,R). Therefore after a 
suitable relabelling of the Q; we have that S?[Q;] —S for alli>1. Hence 
S®[A]—8*[Q,]. Therefore we may assume that A is primary and then the 


result follows from Lemma 18. 


Proposition 2. Let (R,M) be a two dimensional regular domain which 
is the quotient ring of a point on an algebraic or absolute?® surface, and let 
A be a nonzero principal ideal in R. Then there exists an integer n such 
that for any m-th quadratic transform S of R with m=n, AS has a strong 
normal crossing at S and S®[A] has an h-fold strong normal crossing at 8 
with h=1. 


1° For definition see [Abhyankar 4]. 
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Proof. Let v1,- + *,v¢ be the distinct valuation branches of A at R. 
By {Abhyankar 4, Proposition 5], there exists an integer n; such that for the 
n-th quadratic transform (S;,.N;) of R along v; there exists a basis 7;,y; of N; 
such that (S;) 2,s,) is the valuation ring of the real discrete valuation of the 
quotient field of R with which 1 is composed. Invoking Lemma 12 of 
[Abhyankar 4], we may assume that R,,-DS; whenever ij. Then by 
Lemma 15, |] u=0,1,- -,¢. Hence by part (iv) of Lemma 
18, each primary component of AS; has a strong normal crossing at S;. Let 
qg=max(ni,- > +,n). Then by Lemmas 15 and 18, for any q-th quadratic 
transform 7’ of R, each primary component of AT has a strong normal crossing 
at T and T®[A] is primary. Let T; be the q-th quadratic transform of R 
along v4; Replacing R by 7; and repeating the above argument, in view of 
Lemma 20 we conclude that there exists an integer p such that for any p-th 
quadratic transform 7* of any q-th quadratic transform of R we have that, 
AT* has a strong normal crossing at 7* and T**[A] is primary. Finally, 
taking n= p-—+q and invoking Lemma 18, we are through. 


6. Strength of a singularity in a two dimensional regular local domain. 
Throughout this section (R,M) will denote a two dimensional regular local 


domain with quotient field K, (R, M) will denote the completion of R, K will 
denote the quotient field of R, and A and B will denote nonzero principal 


ideals in R. 


DEFINITION 7. Let S be a two dimensional regular local domain with 
quotient field K having center WV in R. We define: 


v(A,B;S,R) =strength of singularity of A on B at S? 
if =1 and BS has a 
normal crossing at S; 
Sus,r(A) (us,r(A) 1) otherwise. 

LemMA 21. Let (S,N) be an n-th quadratic transform of R, let 
S=KNS and N=KQWN. Then (i) (S,N) is an n-th quadratic trans- 
form of R; (ii) (S?[A])S=S®[AR], (iii) =ps.2(AR), and (iv) 
V(A,B;8,R) =v(AR, BR; 5S, R). 


Proof. (i) follows from Proposition 1. In the proof of (ii) the case 
n= () and the case A = RF being trivial we may assume that n > 0 and AR. 
Then MS and WS are principal ideals and they contain AS and AS respec- 
tively, hence we can write AS = DE where D and F are principal ideals in § 
such that D and MS are not contained in any one dimensional prime ideal in 
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S and every one dimensional prime ideal in S which contains £ also contains 
MS. Now we must have that D+ MS either equals S or is primary for J; 
in the former case we must have S= (D+ MS)S=DS-+ MS; and in the 
latter case, by Proposition 1, (D+ MS)S=DS-+ MS must be primary for 
WN; hence in either case, no one dimensional prime ideal in S can contain D§ 
as well as “ZS. Now A C M implies that every one dimensional prime ideal 
in S which contains MS also contains AS and hence it must contain JL. 
Therefore Rads = Rads (MS), and hence Radg (ES) = Radg ( (Rads 
= Radj((Rads(MS))S) = Rads(MS) =Radg(MS). Therefore every one 
dimensional prime ideal in S which contains ES also contains MS. Hence 
(S®[A])S=D5=S®[AR]. This proves (ii). Now (iii) follows from (ii) 
in view of Proposition 1. Fina!.y in view of Proposition 1, BS has a normal 
crossing at § if and only if BS has a normal crossing at S and hence (iv) 
follows from (iii). 


DEFINITION 8. We define: 


v(A,B;R) =strength of singularity of A on B at R= ~ v(A, B;8,R) 


where the sum is taken over all two dimensional regular domains 8S with 
quotient field K having center M in R. 


PROPOSITION 3. (analytic invariance of the strength of a singularity). 
v(A,B;R) =v(AR, BR; R). 
Proof. Follows from Lemma 21 and Proposition 1. 


Proposition 4. If R is the quotient ring of a point on an alegbraic 
or absolute*® surface, and if A is not contained in the square of any one 
dimensional prime ideal in R, then v(A,B;R) is finite. 


Proof. Follows from Proposition 2 and Lemmas 15 and 16. 


LEMMA 22. If Ris the quotient ring of a point on an algebraic surface, 
if RadA D Rad B, and if AAR; then v(A,B;R)=0, if and only #f, 
Ar(A) =1 and B has a strong normal crossing at R. 


Proof. The ‘if’ part follows from part (iv) of Lemma 15 and part (i) 
of Lemma 18. Now assume the v(A,B;R) Thenv(A,B;R,R) =0 and 
hence Ar(A) =1 and B has a normal crossing at R. Let x be a generator 
of A. Now BR=2,"y’R where (z,,y) is a basis of M. Now aR is prime 
and BR CR; hence either x, or y equals x times a unit in R, say it 
is z,. Then BR=zy’R. By Lemma 2, there exists z in R and a unit d 
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in R such that Let Then t,¢ RO K—=R. Since ¢,R 
is primary, so is =1t,R R, i-e., ¢, = where ¢ is an irreducible non- 
unit in R and e, is a unit in Rk. by a well known result, if P is a one 
dimensional prime ideal in R then PR is not contained in the square of any 
one dimensional prime ideal in R; hence we must have tye where e is a 
unit in R. Therefore (x,t) is a basis of M and BR=zt’h. 


LeMMA 23. 1v(A,B;R) =0 if and only if v(A,B;R,R) =0. 
Proof. Follows from Lemmas 15 and 18. 


LemMA 24. There are at most a finite number of immediate quadratic 
transforms 8,,- of R such that ps, r(A) If S ws an wmmediate 
quadratic transform of R other than then v(S®[A], BS; 8S) =0. 
Also 


(A,B; R) =v(A,B3R,R) + 


Proof. Follows from Lemmas 15 and 16. 


LemMA 25. v(A,B;R) =v(A,RadrpB;R). If 8 ts a quadratic trans- 
form of R then v(A,B;S8,R) =v(A, Rade B;8, PR). 


Proof. Follows from part (iii) of Lemma 18. 


DerInitTion 9. Let V bea nonsingular projective algebraic surface over 
an algebraically closed ground field, let W and W* be curves on V such that 
WC W*, let P be a point on V and let R=Q(P,V), A=M(P,W,V), 
B=any defining ideal of W* at P on V. Then we define: 


v(W, W*;P,V) =strength of singularity of W 
on W* at the point P of V 
=y(A,B;R). 
By Lemma 25 this does not depend on which defining ideal of W* at P on V 
we take for B. Furthermore we define: 


v(W, W*;V) =strength of singularities of W on 
W* for V 


= v(W,W*;P,V). 
Pev 


By Proposition 4, each term in the above summation is finite and only a finite 
number of terms in the summation are nonzero, for if P is not a singular 
point of W*, i.e., if the multiplicity of W* at P on V is at most 1, 
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then v(W,W;P,V) =0; therefore 1(W, W*;V) is finite. Now let (V*,f) 
be a quadratic transform of V, let P*€f*(P), and let R* = Q(P*, V*), 
Then we define 


v(W, W*; P*, V*,f) =strength of singularity of 
W on W* at the point 
P* for the map f 
—v(A,B;R*, 


Again by Lemma 25 this does not depend on which defining ideal of W* at 
P on V we take for B. Also from the results proved until now it follows 


that »(W, W*; P*, V*,f) =v (f*[W], (W*) P*, V*). 


LemMaA 26. Let V bea nonsingular projective algebraic surface over an 
algebraically closed ground field, let’ W and W* be curves on V such that 
W C W*, let P be a point of V, and let (V*,f) be an immediate quadratic 
transform of V with center at P. Then (i) v(W, W*;V) =0 of and only if 
W is nonsingular and W* has a strong normal crossing at each point of W; 
(ii) v(f?[W], f2(W*) V*) =v (W, W*;V) —v(W,W*;P,V,1) where 1 
denotes the identity map of V onto itself. 


Proof. (i) follows from Lemma 22 and (ii) follows from Lemma ?4. 


Proposition 5. Let V be a nonsingular projective algebraic surface 
over an algebraically closed ground field k, let W be an irreducible curve on 
V, and let W* be a curve on V containing W. Assume that dim| W|>1 
+v(W,W*;V). Then there exists a quadratic transform (V*,f) of V such 
that f*(W*) has a strong normal crossing at each point f*[W], and 
dim | f*[W]| > 1. 

Proof. We shall apply induction on v(W,W*;V). If v(W,W*;V) =0 
then in view of Lemma 26 we may take V*=—V; so now assume that 
v(W, W*;V) =n> 0 and that the Proposition is true whenever v(W, W*; V) 
<n. By Lemma 23, for some point P of V we must have v(W, W; P, V,1) 
~(. Let (V’,g) be an immediate quadratic transform of V with center at P. 
Let s be the multiplicity of W at P, then s>0. By Lemma 26, 


v(g7[W], (W*) 5 V’) =v (W, W*; V) +1) <n. 


Let Z and L’ respectively denote the k-vector spaces of all functions w in 
=k(V’) for which, respectively, (uv) + W20 on V and (u) + 9°[W] 
>0on V’. Then L’ is a subspace of L. Let H=g"(P), J=g"[W], and 
let v and w be the valuations of k(V)/k having, respectively, H and / as 
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centers on V’. Let (R,M) be the quotient ring of P on V. Let y1,-- +, 4: 
be arbitrary elements of Z with t > $s(s-+1) = (**8*). Fix a generator z 
of M(P,W,V) in BR. Since (y;) +W=0 on JV, it follows that the polar 
divisor of zy; does not go through P and hence zy,€ R. By Lemma 5, there 
exist elements c,,- - in which are not all zero such that - 
+c2y:€M*. Now z€M* and z¢M**, which means that v(z)=s 
and +: 2s; hence v(cyit:--+ey:)20. Since 
(cy: +: cy:) +W=0 on V and, v is the only valuation of k(V)/k 
whose center on V’ is a curve and whose center on V is a point, we conclude 
that (cy: on V’, i.e, cy, t+: -+eyr€ This 
shows that dim; (L’/L) = 4s(s-+1) and hence dim L’ = dim L — }s(s +1). 
Therefore 
dim | J | = dim | W|—4s(s +1) >1+0(W, W; V) —4s(s+1) 
=1+(J,g7(W*);V’). 


Therefore by the induction hypothesis there exists a quadratic transform 
(V*,h) of V’ such that h-*(g*(W*)) has a strong normal crossing at each 
point of h*[J] and dim|h“[J]| >1. Let f=gh. Then h“[J] 
and h-*(g"*(W*)) =f*(W*). This completes the proof. 


7. Computations of the strength of a singularity. Throughout this 
section, (R,M) will denote a two dimensional regular local domain with 
quotient field K, (R, MZ) will denote the completion of R, K will denote the 
quotient field of R, A and C will denote nonzero principal ideals in R, B will 
denote a nonzero principal ideal in R such that Rad B C Rad A; since R is a 
unique factorization domain there then exists a unique principal ideal B’ in 
Rf such that Rad B= (Rad A)B’. 

Most of the considerations that follow will be independent of the choice 
of a particular basis of M, and also of particular generators of the various 
principal ideals under consideration; hence when there is no danger of con- 
fusion, we shall omit the reference to a particular basis of M, and to a 
generator of a principal ideal, thus for instance: by A(A) we shall mean the 
reduced R-leading form of some generator of A; by “A(A) and A(C) are 
coprime ” we shall mean and Az) (C) are coprime” for a basis 
(t,y) of M, since this is independent of the particular basis of M as long as 
the same basis is used in A(A) and A(C). 


DEFINITION 10. If A(A) and A(C) are coprime then we shall say that 
}d and C are nontangential at R; if A and B’ are nontangential at R then 
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we shall say that A is nontangential on B at R. Note that A and C are non- 
tangential at R if and only if AR and CR are nontangential at R; and A is 
nontangential on B at R if and only if AR is nontangential on BR at &. 
If A(A) is a product of s pairwise coprime linear factors then we shall say 
that A has an s-fold ordinary point at R; note that in this case s is the 
multiplicity of A at R. Again, A has an s-fold ordinary point at F if and 
only if AR has an ordinary s-fold point at R and by Lemma 17, this is s0 if 
and only if AR=P,- - -P, where P;,: - -,Ps are distinct one dimensional 
prime ideals in R such that A(P,),- - -,A(Ps) are pairwise coprime linear 
forms; hence if A has an s-fold ordinary point at R then A has a normal 
crossing at R if and only if s=2 (and then this normal crossing is s-fold), 

Now assume that A(A) =A(C) =1 and AAC. Then A and C are one 
dimensional prime ideals, A C = (C+ M"),andCCA= a (A+ M*); 

n=1 


n=1 


hence there exist unique positive integers s and ¢ such that A C(C + M*), 
AC(C+ Ms), CC(A+M*t), CT(A+ We want to show that 
s=t. Firstly, s=1 if and only if A(A) and A(C) are coprime, which is 
so if and only if £1. Now assume thats >1, then ¢>1. Leta and be 
generators of A and C respectively. Then a—cg+f with g€ and 
Since A(f) =s > 1 and A(a) =A(c) we must have A(g) 0, ie., g isa 


unit in R; hence c= (1/g)a— (f/g), 1/g€ R, and — (f/g) € M’. Hence 
st, and similarly ‘=s. Note that R/A and R/C are one dimensional 
regular local domains and s = ¢~Agya((A +C)/A) 

If (A) =A(C) =1, ASC, then we shall say that A and C have an 
(Arjo((A + C)/A))-fold contact at R; if A and B’ have an s-fold contact 
at R then we shall say that A has an s-fold contact on B at R. Again it is 
clear that A and C have an s-fold contact at R if and only if AR and CR 
have an s-fold contact at R; and A has an s-fold contact on B at R if and 
only if AR has an s-fold contact on BR at R. 

Finally if: (1) s=A(A)>1, (2) AR is prime, and (8) there exists : 
in R with A(z) =1 such that AC M* and ACT zR+ then we 
shall say that A has an s-fold cusp at R. Note that quite generally for w€ f, 
A CuR + M+ if and only if A(w) divides A(A). Also, if A has an s-fold 
cusp at R then by Lemma 17, A(A) is the s-th power of a linear form. 

Now let P be a point on a projective algebraic surface V over an alge- 
braically closed ground field k and assume that A, B, C are the ideals of 
curves A*, B*, C* on V at P respectively. If, respectively: (1) A and C are 
nontangential at R, (2) A is nontangential on B at R, (3) A has an s-fold 
ordinary point at R, (4) A and C have an s-fold contact at R, (5) A hasan 


FUNDAMENTAL GROUPS OF ALGEBRAIC VARIETIES, PART II. 


s-fold contact on B at R, (6) A has an s-fold cusp at R; then we shall respec- 
tively say that: (1) A* and C* are nontangential at P on V,: - -, (6) A* has 
an s-fold cusp at P on V. Note that in all these definitions B may be replaced 
by any defining ideal of B* at P on V; and in (1), C may be replaced by any 
defining ideal of C* at P on V. Note, also, that if (4) holds then from the 
usual definition of intersection multiplicity it follows that s =1(A*-C*,P;V). 
Now assume that V is the projective plane and that A* has an s-fold cusp 
at P on V, then there exists a unique line L* on V which is called the tangent 
line to A* at P such that denoting by L the ideal of L* at P on V, we have 
ACL+M*; if furthermore AC L-+ Ms then we shall say that A* has 
an ordinary s-fold cusp at P on V (equivalently: 1(A*-L*,P;V)=s-+1); 
note that what we have called an ordinary 2-fold cusp, is in the classical 
literature called a simple cusp. 


ProposiTIon 6. Ij A and C are nontangential at R, then v(A,C;R) 
=v(A,A;R)—v(A,A;Kh,R)+0(A,C3R,R). If A ts nontangential on B 
at R, then v(A,B;R) =v(A,A;R) —v(A,A;R,R)+ RR). If 
B= B*D, and A and D are nontangential at R, then v(A, B; R) =v(A, B*;R) 
—v(A,B*;R,R)+ (A,B ;R,R). If Ay where -, A; are 
principal ideals in R which are pairwise nontangential at R, then v(A,A;R) 


t t 
=> (Ai, A:;R) —Sv(A, Ai; Rk, BR) + (A, A;R, PR). 
i=1 i 


i=1 


Proof. Follows from Lemmas 13 and 24. 


PROPOSITION 7. (see Figure 1 in Remark 3). If A has an ordinary 
s-fold point at R then v(A,A;R) =v(A,A;R, R) =0 or 4s(s +1) according 
ass=lors>l. 


Proof. By Proposition 3 we may assume the Ff is complete. Then by 
Lemma 17, A = A,- - A; where -, A; are principal ideals in R whose 
reduced R-leading forms are pairwise coprime linear forms. Let S be an 
immediate quadratic transform of R. If S?[A]—S then v(A,A;98,R) =—0; 
if S*?[A] AS then by Lemma 13, S?[A] —S*[A;] for a unique 7 and hence 
Radg(AS) = Radg(A;S) ; now A; has a normal crossing at R and hence by 
Lemma 18 part (i), A;S has a normal crossing at S and hence by Lemma 18 
part (iii), AS has a normal crossing at S; also Ar(A;) =1 and hence by 
Lemma 15 part (iv), and hence v(A,A;8,R)—0. Thus 
v(A,A;S8,R) 0 for every immediate quadratic transform of R and hence 
by Lemma 24, v(A,A;R)=v(A,A;R,R). If s>1 then v(A,A;R,R) 
=}3(s+1), if s=1 then A has a normal crossing at R and hence 
=0. 
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LemMMA 27. Assume that A and C have an s-fold contact at R, and that 
R is complete and has the same characteristic as R/M. Then M has a basis 
(x,y) such that the line x0 1s nontangential to A as well as to C. Let 
(x,y) be any such basis of M and let k be a coefficient field in R. Then there 
exist unique elements in k such that and 
- are generators of A and C respectively. Further- 
more, for 1=1,2,- - -,s—1 and a, 


Proof. Since A(AC) =2, everything except the last statement follows 
from Lemma 3, so now we shall prove the last statement. Now s—1 if and 
only if A(A) =y-+a,r and A(c) =y-+ c,x are coprime, which is so if and 
only if a, c¢,. So now assume that s>1 and that a;,—c,. Note that R 
is the formal power series ring in the two independent variables x and y 
over the field k. Now a€ cR+ M*, and hence we can write 

OSi+j<e 
with g;; and hi; in k. Multiplying out the product on the right hand side, 


we get: 


8 
y + Saat =D 905-97 
i>0 g-1 


8-1-4 


i=1 p=l 


+ 


i+jZs 
with in k. For 1—0,1,- --,s—1 comparing coefficients of for 
(j=0,1,---,s—i—1) we get the following sets Io,11,---,Zs+ of 
equations : 
[1 goo, and for 7—1,- 


and 


i 
> CoJi-p.o, and for - -,s—1—1: — 


for -,s—1. 


Substituting Z, in I, we get: a,—c,, and for j—1,- -+,s—2: gija 


= — 6190,j = 0; 1.e., 
[a,—c,, and for j—0,---,s—3: gi;—0] - 
Now substituting J, and J, in J, we get 


[az and for j=0,- - 


| 
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Now substituting (Jo, J;, J2) in Is get J3; and so on. This gives us: a;—¢; 
for t=1,- -,S—13 goo==1; and gij;—0 whenever 0<1+j <s—2. 
This together with the fact that a¢ cR + M** now tells us that as cg. 


LemMA 28. Jf A and C have an s-fold contact at R with s>1, then 
there exists a unique immediate quadratic transform (R,,M,) of R for which 
up,r(A) #0. Furthermore R,®[A] and R,®[C] have an s—1 fold contact 
at Ry. 


Proof. The first assertion follows from Lemma 13. Now let zx be a 
| generator of A. Since Ar(x) =1, there exists y in R such that (2,y) is a 
basis of M. Let t=2/y, S=R[t] and N=(z,t). Then by Lemma 13, 
R,=Sy, M,=—NR, = and MR,=yR,. Let A,—R,®[A] and 
(,=R,F[C]. Now AR, =tyR, and hence A,—tR,. Let z be a generator 
of C. Because of symmetry in A and C, we must have z= ry, where + is in 
R, with R,-leading degree 1, and C;—7R,. We can write z—=f+g-+c2h 
where f€ M*, ge M*, g¢ xh, and h is a unit in Rk. Now f=f*y** and 
g=g*y*, where f* and g* are in S; hence r= f*y* + g*y**-+ th; there- 
fore r€ tR, + M,**. Suppose if possible that + M,%. Then g*y** 
=ta+ B, where «€ Rk, and BE M,*. Now H —R,/tR, is a one dimensional 
regular local domain. Let us denote by “ bars” the residue classes modulo ¢R,. 
Then = 1, An(B) 2s and Therefore 21, i.e., g* € tR, 


tu 
and hence g* = — where uw€ S, ve S, v¢ N. By Lemma 7, we can find 


q>1 such that wy7€ M@ and vyt€ M2. Also v¢ N and y€ N imply that 
v¢yS; hence by Lemma 7%, Suppose if possible that 
then vy?—=aw with we Me, w¢ hence v = (x/y) (w/yt*) =tw* with 
w*€ therefore v€ C N, which is a contradiction. Therefore vy? ¢ 
| Now we have: gvu=g*y*v = (g*v)y® = (tu)y® = (ty) uy** = zuy*"; hence 

g(vy’) =a (uy?) y** € since xR is prime and vy? ¢ we must have g € 
which is a contradiction. This completes the proof of the lemma. 

Now we shall give another proof of the second assertion of Lemma 28 
using Lemma 27% in case R and R/M have the same characteristic. Without 
loss of generality we can assume that FR is complete, and hence we may use 
the notation and result of Lemma 27. Since s > 1, a; c,; and replacing y 
by y+a,2 we may assume that a, =c,=0. Let t=y/x. Then by Lemma 
13, (x,t) is a basis of W,. We have 
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hence 

R,F[A] = (t+ + a,2?+- -) Ri, 
and similarly 

R,F[C] = (t+ + Ri; 
and now the assertion follows from Lemma 27. 


PROPOSITION 8. (see Figure 2 in Remark 3). Jf A has an s-fold contact 
on B, then v(A,B;R) =s or 0 according as s>1 or s—1. 


Proof. If s=1, then B has a normal crossing at Rk and A(A) —1, and 
hence v(A,B;R) =0; so assume that s>1. Now A(A) —1 and hence by 
Lemma 13 and Part (v) of Lemma 15, or also by Lemma 16, we can conclude 
that for each n there is a unique n-th quadratic transform R, of R such that 
A,=R,? [A] AR, Now R, is an immediate quadratic transform of R,,, 


and we have v(A,B;R) => v(A,B;R,,R). By part (iv) of Lemma 1), 


n=0 
v(A,B;R,,R) =0 or 1 according as BR, does or does not have a normal 
crossing at R,. By Lemma 25 we may assume that B=AC where A and ( 
have an s-fold contact at R. Let C,—R,?[C]. In view of part (v) of 
Lemma 15, Lemma 28 tells us that A, and C, have an s—zi fold contact at R, 
for n=0,1,---,s—1. Hence for n=0,1,- -,s—2; A,C, and hence 
BR, does not have a normal crossing at R,. Also, As. and C,, have a 
1-fold contact at R,,; hence and Cs.—yRs, where (z,y) 
is a basis of the maximal ideal in R,,. Now s—1>0, and hence WVR,, 
= 2R,;_, where z is a nonzero nonunit in R,,. By part (i) of Lemma 18. 
AR,_, and CR, have strong normal crossings at R,_,, and hence we must 
have that z—wu%d, where wu is an element in R,, of R,_,-leading degree 
1, g> 0, d is a unit in R,_,, the reduced Rs_,-leading form of z is prime to 
the reduced R,_,-leading forms of x and y, and AR,_, and 
=ywR,, witha,b>0. Let c—=a+b. Then BR, = 
Therefore, BR;_, does not have a normal crossing at R,_,, and Rada, , (BR) 
has a 3-fold ordinary point at R,-,; hence as in the proof of Proposition ‘, 
(Rade, ,(BRs1))R; and hence by Lemma 18, BR, has a normal crossing 
at &,. Thus BR, has a normal crossing at R, if and only if n=s; hence 


(A,B; R) =s. 


Proposition 9. If AR=P,P, where P, and P, are principal ideals i 
R having and s-fold contact at R, then v(A,A;R) =3s. 


Proof. Without loss of generality we may assume that R= R. In the 


nce 


ea 
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proof of Proposition 8, substitute P, for A and P, for C. Then by Lemma 13 
or also by Lemma 15, for n=0,1,- - -,s—1, R, is the only n-th quadratic 
transform of R for which R,?[A]A~R,; and for every immediate quadratic 
transform S of R,,, AS has a normal crossing at S, and S?[A]—either 


| S*(P,] or S®[P.]; and hence by Lemma 15, ys,z(A) =1. Hence by Lemmas 


15 and 18, for every m-th quadratic transform T of R with m=s, AT has a 


normal crossing at 7’ and pr,r(A) =1 and hence v(A,A;7,R) =0. For 
| Forn=0,1,- - -,s—1; by Lemma 28, R,*[P,] and R,?[P,] have an s—n 
| fold ordinary point at R,, and hence 

=1+1—2, and therefore A; R,, R) = 4(2)(2+1) =3. Consequently 


g-1 


| (4,4;R) = Div(A, A; Rp, R) = 33. 


n=0 


LemMA 29. Jf A has an s-fold cusp at R, then there is a unique imme- 


| diate quadratic transform (R,,M,) of R for which pr,r(A) ~0. Further- 
more, Ry®[A] has an s-fold contact on AR, at R,. 


Proof. By Proposition 3, we may assume that R is complete. Let z 


' be a generator of A. Then there exists « in R with A(x) —1 such that 
+ Ms and z¢ aR We can find y in R such that (z,y) is a 
' basis of 7. If we take leading forms with respect to (x,y) then A(z) is a 


nonzero constant multiple of A(a)* and hence after dividing z by a suitable 


/ unit in R we can assume that z—f-+2* where f¢€ Ms. We can write 


8 
f=gr+ hy where g= DS giziy** and R. Since Ms, h 
i=0 


must be unitin R. Let S=R[t], N= (t,y)S. Then by Lemma 13, 
is unique, and Ry—Sy, M,—NR,=(t,y)R,, and MR,=yR. Let 


-—t+qy, and A,—R,?[A]. Since h is a unit in R, 
i=o 


| itis also a unit in R,. Since ¢€ MM, and g;€ R,, we conclude that q is a unit 
ink, Now 


8 


8 
tys*t ( 2 git!) + hys*4 


= 


Since (¢,y) is a basis of M,, we get ¢¢ yM,; hence A, and (AR,) 
'=A4,(MR,) =yrR;. Since g is a unit in R, and s>1, it follows that: 


MR, and A, have an n-fold contact at R, withn<s. Also, the (MR,)-residue 
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Figure 1. 
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4-fold ordinary point 2-fold strong normal crossings 


Figure 2. 
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s-fold (s—1)-fold (s—2)-fold i-fold 2-fold strong norm 
contact contact contact contact crossings 


Figure 3. 
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Figure 4. 
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class of ¢ generates the maximal ideal in the one dimensional regular local 
domain R,;/MR,, and hence the (R,/MR,)-leading degree of the (MR,)- 


residue class of + equals s. Therefore n=s. 


PROPOSITION 10. (see Figure 3 in Remark 3). If A has an s-fold cusp 
at R, then v(A,A;R) =4s(s+3). 


Proof. Let R, be the unique immediate quadratic transform of R for 
which pr,r(A) Then by Lemma 24: 


v(A,A;R) =v(A,A;R, R) AR; B,). 


Now »(A,A;R,R) =4s(s+1); and by Proposition 8 and Lemma 29, 


| AR,;R,) =s; hence »(A,A;R) =4s(s+1) 3). 


Remark 3. It is clear that we can combine Propositions 6 to 10 and 


} their proofs in several ways. For instance, Propositions 6 to 10 tell us that 
I 


if A==P,- - - where P,,: - -,P», Q1,° * Qq ate pairwise non- 


tangential principal ideals in R such that P,,- - -,Pp, have - fold 
| cusps at FR, respectively, and Q,,---,Q, have a simple point at R (i.e., 


\(Qi) =1), and A(A) =n, then 
1(A,A;R) +n 


where n==n, +: + ++ Mq (see Figure 4 below). 

The proofs of Propositions 7, 8, 10, and the above formula, can be illus- 
trated respectively by Figures 1 to 4 on p. 158. In these figures (Rao, Mio) 
= (Ra, Mn), (Rar, Mini), (Raz, denote distinct immediate quadratic 


transforms of (Ry_1, also, (Ro, Mo) is the same as (R,M). 


8. Local coverings at a normal crossing. Throughout this section, K 
will denote an n dimensional algebraic function field over an algebraically 


closed ground field & of characteristic p, K* will denote a galois extension of 


K, V will denote a normal projective model of K/k, V* will denote a K*- 


} normalization of V, ¢ will denote the rational map of V* onto V, P will 


denote a simple point of V such that P is tamely ramified in K*, P* will 


i denote a point in ¢*(P), (R,M) will denote the quotient ring of P on V, 


(h*,.*) will denote the quotient ring of P* on V*, and W will denote 
a pure (n—1) dimensional subvariety of V such that A(K*/V)C W. Now 
We state some propositions. 


Proposition 11. If W has a normal crossing at P, then G,(P*/P) ts 
abelian 


R(A] 
J 
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Proposition 12. If W has a normal crossing at P and W, 1s an irre- 
ducible component of W having a simple point at P, then W, does not split 
locally at P*, i.e., only one irreducible component of ¢*(W,) passes through 


PRoposiITION 13. A(K*/V) is pure n—1 dimensional at P. 


PROPOSITION lle. Proposition 11 under the assumption that W has a 
strong normal crossing at P. 


PRoposITION 12a. Proposition 12 under the assumption that W has a 
strong normal crossing at P.™ 


Proposition 118. Proposition 11 for n=2. 


PRoposiTION 128. Proposition 12 forn=2 (or equivalently Proposition 
forn=2). 


PROPOSITION 138. Proposition 13 for n=2. 


Lemma 30. Proposition 12 under the assumption that G,(P*/P) 1s 


abelian. 


Proof. Let K; be the fixed field of Gj(P*/P), let Vi be a K;j-normaliza- 
tion of V, let f be the rational map of V* onto V;, let 4; be the rational map 
of V; onto V, let Ps =f(P*), and let (Ri, M;) be the quotient ring of P; on 
V;. Let (R*, M*), (Ri, M;) and (R, M) be the completions of R*, R; and k 
respectively. Then we can find a basis 2,,---,2%, of M with 2, in R such 
that = (M(W,P,V))R and 7,R—M(W,,P,V). Now 
is also a basis of Mj, 7, € Mi, z,¢ M;?; hence ¢;7(W) also has a normal 


crossing at fj, 
(M(¢i* ( W), Fa Vi) ) Ri, = M ( W,), Fe Vi), 


and ¢;1(W,) has a simple point at P;. Fix generators q,,- + -,q+ of the 
ideals at P; on V; of the different irreducible components of ¢-1(W) passing 
through P;. Then each gm equals a product of a certain number of the 2/3 
times a unit in R;. Since G(K*/K;) = G,(R*/R) is abelian and its order is 
prime to p in case p=0, and since *& contains all the roots of unity, we can 
find in K* such that K; and K* —K;(2,- - -,2,) where % 
is a positive integer which is not divisible by p in case p40. Multiplying 4 
by a suitable element in R; we can assume that z"°€ R;, and since R; is 4 


11 Now it is unnecessary to say that W, has a simple point at P, and it is enough 
to say that “let W, be an irreducible component of W passing through P.” 
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unique factorization domain, after dividing z, by a suitable element in RB; we 
can assume that = dghq,"™- - where are pairwise 
coprime irreducible nonunits in Rj, dg is a unit in Rj, and uUqi,° * *,Uad, are 
positive integers less than nq. Then the real discrete valuation of K;,/k, whose 
valuation ring is the quotient ring of R; with respect to the prime ideal hi, 
is ramified in K*; hence the irreducible (nm — 1)-dimensional subvariety of V, 
whose ideal at P; on V; is h,-f;, is ramified in K* and hence it must be an 
irreducible component of ¢*(W) passing through Pj, i.e., Rae must equal 
some gm times a unit in Rj, i.e., hae must equal the product of a certain 
number of the z;’s times a unit in R; Let H* and EH, be the quotient 
fields of R* and R; respectively. Then by Proposition 1 of [Abhyankar 2], 
E* = + Let - +, n,; then e is not divisible by p in 
case p40. Let = EF; (2,2/¢,- - -,2,1/¢). Since k& is algebraically closed 
and e is not divisible by p in case p40, by Hensel’s Lemma, every unit in FE; 
has all its e-th roots in HE’ and hence we can conclude that EH’ D H*. Let 
(#, M’) be the integral closure of R* in Now Ri: -,2,]] and 
hence by Lemma 5 of [Abhyankar 1], —k[[2,2/¢,- - -,a,1/¢]], and 
+ +,2,2/¢ is a minimal basis of Hence is a primary ideal in 
and therefore z,R* is a primary ideal in R*. Since 7,k* NM R* —2,R*, we 
conclude that 2,R* is a primary ideal in R*. Now 2z,R* is a defining ideal 
of ¢*(W,) at P* on V* and consequently only one irreducible component 
of ¢"(W,) can pass through P*. 


remark 4. The proof of Proposition 13 given in [Abhyankar 1, Theorem 
1] is incorrect, a correct proof is given in [Zariski 16] and hence now 
Proposition 11a follows as in [Abhyankar 1, Theorem 2] and therefore now 
Proposition 12a follows from Proposition 11a and Lemma 30. However, here 
we shall give a direct proof of Proposition 118 (i.e., Proposition 11 for n = 2) 
without using Proposition 13, and from Proposition 118 we shall derive 
Proposition 138 (i.e., Proposition 138 for n=2) and this will then, by 
| Lemma 30, give Projosition 128. Propositions 11 and 12 were not used in 
_ Part I (See Remark 6 below) and will neither be used in this paper; we 
shall prove them elsewhere. Whereas Zariski’s proof (of Proposition 13) 
uses the Jacobian theory, our proof (of Proposition 118 and hence of Propo- 
} sition 138) will, in a sense, be more geometric and will be based on the 
following: (1) the transform of a simple point under a quadratic trans- 


formation is a projective line, (2) a nonabelian tamely ramified covering of 
a projective line must have at least three branch points, (3) connectedness 
theorem of Zariski, and (4) the limit of a quadratic sequence of two dimen- 
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sional regular local domains is a valuation ring. Now for the case of an 


arbitrary two dimensional regular domain, (1) is still true (even for unequal 
characteristic), (3) has recently been proved by Chow [7], and (4) was 
proved by us in [4]. Hence it is expected that the proofs of Propositions 
118, 128, 138 to be given below can probably be generalized to the case of an 
arbitrary two dimensional regular local domain. 


Lema 31. Proposition 138 under the assumption that G(K*/K) is 
abelian and its order is prime to p in case p60. 


Proof. If P¢ A(K*/V) then there is nothing to prove, so assume that 
Pé€ A(K*/V). Since K*/K is abelian, it is a compositum of cyclic exten- 
sions and hence by Lemma 12 of Part I, there exists a field L between K and 
K* such that L/K is cyclic of order n (where n is prime to p in case p0) 
such that PE A(L/V). Now L=K(z) with z2¢€R. Since F is a unique 
factorization domain, we can arrange matters such that 2*=—dzxr,"- - +2," 
where are pairwise coprime irreducible nonunits in wu; are 
positive integers less than n, and d is a unit in FR. If ¢ were zero then the 
discriminant of the minimal monic polynomial of z over K would be a unit 
in R and hence P would unramified in L, hence {0. Now it is clear that 
the irreducible curve on V, having 2,R for its ideal at P, is ramified in J 
and hence it is ramified in K*. 


Lemma 32. Let S be the formal power series ring in n variables over k, 
let E be the quotient field of S, and let H* be an abelian extension of LE 
such that [H*: E] is prime to p in case p0 and such that for any minimal 
prime ideal I in S the real discrete valuation of E with valuation ring Sy 1s 
unramified in E*, Then E*=E. 


Proof. Since H*/E is abelian, it is enough to show that if any field L’ 
between and E* is cyclic over then =F. We can find z in such 
that H’ = H(z) and z“€ S where wu is prime to p in case p0. For any 
minimal prime ideal J in S the valuation with valuation ring S; is unramified 
in #* and hence it is unramified in HE’. Since § is a unique factorization 
domain we can arrange matters so that 2“ is not divisible by the u-th power 
of any irreducible nonunit in 8S. If 2“ were then divisible by an irreducible 
nonunit h in § then the valuation with valuation ring S;g would be ramified 
in E’, hence z“ is a unit in 8. Therefore by Hensel’s Lemma z€ £. 


Lemma 33. In the notation of Proposition 11, if G,(P*/P) is meta- 
abelian then it is abelian. 
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Proof. Let K; be the fixed field of G(P*/P), let Rx = KN 
M;,=—KOM*. Let L be a field between K* and K; such that K*/K and 
L,/K; are abelian. Let S=LOR*, N=LOM*. Let (R*, M*), (8,N), 
(R;, 1;) be completions, respectively, of R*, S, R;, and let E*, F, E; be the 
quotient fields, respectively, of R*, S, Rj. Now R* is the only local ring in K* 
lying above R; and hence K; is the splitting field of R*/R; as well as that of 
S/R;, and L is the splitting field of R*/S. Therefore by Lemma 7% of [A2], 
h*/F, E*/E;, F/E; are galois and their galois groups are isomorphic to the 
galois groups, respectively, of K*/L, K*/Ki, L/K;. Let V; be a Ki- 
normalization of V, let P; be the point of V; whose quotient ring on V; 
is R;, let ¢; be the map of V; onto V, let W,,- - -,We be the irreducible 
components of ¢;"(W) passing through P;, and let M (Pi, Wj, Vi) 
Now A(K*/V;)C ¢;1(W), and as in the proof of Lemma 30 we get 
(H,H.: + where (2,,° is a basis of M;, (mn). 
Let T be the integral closure of R; in K* and let T be the integral 
closure of R; in H*. Let D be the ideal in R; generated by all K;- 
discriminants of all K; bases of K* which belong to R* and let D be 
the ideal in R; generated by all F£;-discriminants of all Ej-bases of H* 
which belong to R*. Since =[K*: Ki], we get DCD. The only 
rank one prime ideals in R; which can contain D are amongst H,,- - -,H; 
see, Krull 9] and after a suitable relabelling of the H; one can assume that 
H,,- +, Hy are these ideals and that (H,: - Hence 
D=Q:N+*+-NQsNd1N:+-Ada where Q; is primary for H; and J; is 
| primary for a prime ideal of rank >1. Let J be a rank one prime ideal 
in R; such that DCI. Let J=J,---Jg and Then 
(JR) (QR) = (JQ)R; C DR; CD CI. Suppose if possible that JR; C I. 
Now R;/J is a local ring of dimension less than n —1 and hence its comple- 


| tion Ri/JR; is also a local ring of dimension less than n—1 [Chevalley 6, 
Proposition 2 of Section III]. Now R,/I is a homomorphic image of R,/JR; 
and hence R;/I is a local ring of dimension less than n—1 [Chevalley 6, 


| Proposition 1 of Section III], this is a contradiction since IJ is a minimal 
| ideal in R; [Cohen 8, Theorem 8]. Therefore JR; I and hence QR, CI. 
Now QR; =2,"- - and hence some x; belongs to I, i.e., 2;Ri. 
Hence the minimal prime ideals in R; which are ramified in E* are amongst 
+, a,R; Let v; be the valuation of whose valuation ring is the 
(uotient ring of R; with respect to aR; Let e; be the ramification index over 
any #*-extension of v; Let e—e,-:-e,. Let = E*(a,1/¢, + +, 
+, =F (4,1/¢,- - +, Let R*,, 8’ be the 
integral closures of R; in E*’, H’;, F’ respectively. Then using the techniques 
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of the proofs of Lemma 6 of [Abhyankar 1] and Lemma 9 of Part I, we 
can conclude that: (i) no minimal prime ideal in R’; is ramified in F’, (ii) no 
minimal prime ideal in #’; is ramified in L*’, and (iii) no minimal prime 
ideal in & is ramified in H*”. By [Abhyankar 1, Lemma 5], 


and it is clear that H*’/F’ and F’/E’; are abelian extensions. Hence in view 
of Lemma 32, (i) tells us that 7’ = H’; and then (iii) tells us that *” = L’,, 
Therefore C E* C H’;. Now E’;,/E; is abelian and hence so is 
Therefore G;(P*/P) is abelian. 


Lemma 34. Let the assumption be as in Proposition 11B and also assume 
that R* is the only local ring in K* lying above R. Assume tf possible that 
G;(P*/P), t.e., Gi(R*/R), is nonabelian. Then there exists an immediate 
quadratic transform S of R such that for any local ring S* in K* lying above 
S, Gi(S*/S) is nonabelian. 


Proof. Note that since k is algebraically closed, G,(P*/P) = G,(P*/P) 
and hence G;(P*/P) = G(K*/K). Let V, be an immediate quadratic trans- 
form of V with center at P, let f be the map of V, onto V, let V*, bea 
K*-normalization of V,, let ¢, be the map V*, onto V, and let f* be the map 
of V*, onto V*. Let LD =f*(P) and let L*,,- - -, L*; be the irreducible com- 
ponents of L*=4¢,7(L). Since P* is the only point on V* lying above P, 
we have f*-1(P*) = L* and hence by the connectedness theorem [ Zariski 13], 
L* must be connected. Let W,—f*(W). Then it is clear that A(V*,/V;) 
C W,. By Lemma 19, W, has a strong normal crossing on V, at each point 
of L. We now have to consider two cases according as {1 ort>1. First 
take the caset>1. Since L* is connected, after a suitable relabelling of the 
L*; we can assume that L*, and L*, have a point P*, in common. Let 
¢:(P*;) =P;. Then by Lemma 30, G;(P*,/P,) is nonabelian and we can 
take S=Q(P1,Vi). Nest, take the case t=1. Since L does not split in K*. 
the inertia field K’ of L*,/L is a galois extension of K and L is unramified 
in K’. Let V’, be a K’-normalization of V and let ¢’ be the map of 1’; 
onto V,. Let 


L’ =¢'(L), and H=Q(L, V,)/M(L, V;) C H’ =Q(L’, V’,)/M(L’, V',). 


Then H’/H is a galois extension whose galois group is isomorphic to the 
galois group of K’/K. Let Ly be an H’-normalization of L and let ¢y be 
the map of Ly onto L. Then ¢y is the natural “lifting” to Ly of the L’- 
restriction of ¢’. Hence it is clear that A(Lg/L) C A(V’s/Vi) NL. By 
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Lemma 14 of Part I, G(K*/K’) is cyclic and hence by Lemma 33, G(K’/K) 
is nonabelian ; hence G(H’/H) is nonabelian. Now H/k is simple transcen- 
dental and Z is nonsingular (i.e., Z is biregularly equivalent to the projective 
line over &) and hence by [Abhyankar 3, Proposition 6], A( L/L) contains 
at least three distinct points and hence by Lemma 13, there exists a point P, 
in A(V’,/V) OL such that P,¢ f*[W]. Therefore P, is an isolated point 
of A(V’,/V) and hence by Lemma 31, for any point P*, on V*, lying above 
P,, G(P*:/P,) must be nonabelian. Now take S=Q(P,,V). 


LemMA 35. Same as Lemma 34 without the assumption that R* 1s the 
only local ring in K* lying above R. 


Proof. Let K, be the splitting field of R*/R, let Rj = R* 1 K,. Then 
hy Lemma 34, there exists an immediate quadratic transform S, of R, such 
that for a local ring S* in K* lying above S,, G;(S*/S,) 1s nonabelian. Let 
S=S,QK. Then by Proposition 1, S is an immediate quadratic transform 
of R and 8S, lies above S. Hence by Lemma 2 of Part I, G(S*/S) is 


nonabelian. 


Proof of Proposition 118. Assume, if possible, that G;(R*/R) is non- 
abelian. Then by Lemma 35 there exists a sequence R= Ry, Ri, R.,- - + of 
successive immediate quadratic transforms such that for each n and for any 
local ring R*, in K* lying above Ry, G;(R*,/R,) is nonabelian. By 


[Abhyankar 5, Lemma 4.5 of Section 15], LJ R; is the valuation ring of a 


zero dimensional valuation of K/k and hence as in the proof of [Abhyankar 5, 
Theorem 4.9 of Section 17] for some n, G;(R*,/R,) is abelian’? This being 


a contradiction, Proposition 118 is proved. 
I 


Proof of Proposition 128. This now follows from Proposition 118 and 
Lemma 30. 


Proof of Proposition 138. This now follows from Proposition 118 and 


Lemma 31. 


Remark 5. Proposition 128 (and hence Proposition 12) is false if W, 
is only required to have a normal crossing at P instead of a strong normal 
crossing. We shall illustrate this by the following example. For V take the 
projective plane over k, let X, Y be affine coordinates in V, let (z,y) be the 
corresponding general point of V/k, for V* take the surface in projective 


** The proof of the quoted theorem applies since the order of G,(R*/R) is prime to 
pin case p ~ 0. 
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three space with affine equation Z?—1-+ Y, let z be a root of Z7=1+y, 
and let ¢ be the projection along the Z-axis. Assume that p2. Then V* 
has no singularities at finite distance and hence it is normal at finite distance. 
Now K =k(z,y), K* =k(z,y,z), A(K*/V) =LUL, where L is the line: 
1+ Y=0 and L,, is the line at infinity. Let P be the point XY —Y =) 
and L,, is the line at infinity. Let P be the point Y—Y—0. Then above 
P lie the points P}: X=Y=0, Z=1 and P,: Y¥=Y=0, Z=—1, 
Let f=y?+y?— 2’, and let W, be the curve: Y?—X°=0. Let 
W=LUL,UW,. Then A(K*/V) C W and W has a normal crossing at |’ 
(Lemma 17) and W, is irreducible since Y*+ ¥? is not a square. Let 
(R,,M,) be the quotient ring of P, on V*. Then R, is a unique factorization 


domain and (2,y) is a minimal basis of M,. Now 


Since z is a unit in R,, the reduced R,-leading forms of (yz—~7) and (yz+-2) 
are coprime linear forms; hence H,; = and H,= (yz+ are 
distinct one dimensional prime ideals in R, and fF, = 1,1], and consequently 
¢*(W,) splits locally at P, (and similarly ¢*(W,) splits locally at P.). 
Remark 6 (Corrections to Part I). We take this opportunity to correct 
some errors in Part I and to make some remarks concerning them. (1) In 
the third line before Proposition 1 on page 57 of Part I, the phrase “ A(K*/V’) 
has a normal crossing at P” should be replaced by the phrase * A(K*/V) is 
contained in a pure n—1 dimensional subvariety W of V having a strong 
normal crossing at P,” and (2) in Proposition 2 on page 57 of Part 1, the 
phrase “component of A(K*/V)” should be replaced by the phrase “ com- 
ponent of W”; because as was shown in Remark 5 above, Proposition 2 of 
Part I would otherwise be false. In this modified form, Propositions 1 and 2 
of Part I now follow respectively from Propositions 112 and 12a of the present 
paper. This modification of Proposition 2 of Part I now necessitates that 
the following additional changes be made in Part I: (3) Twice in the Intro- 
duction and once each in the statements of Propositions 6, 7, 8, 9 and Theorems 
1, 2, 3, 4, 5 of Part I, the phrase “normal crossings” should be changed to 
the phrase “strong normal crossings.” (4) Lines 8 and 9 in the Proof of 
Proposition 6 on page 74 of Part I should read “P—¢(P*). Now 
A(K*/V)C W, W; is an irreducible component of W, and W has a strong 
normal crossing at P.” (5) In the last third and fourth lines on page 75 of 
Part I, “Now... A(K*/V),” should be replaced by “By (2), W has a 


strong normal crossing at P,”. (6) After line 8 on page 90 of Part | add 


“and assuming that the normal crossings are strong normal crossings, 


l 
| 
t 
a 
a 
r 
I 
t 
t 
u 
fi 
té 
al 
W 

t 
CC 
Se 


OW 
ong 
of 
$a 


add 


nv 


FUNDAMENTAL GROUPS OF ALGEBRAIC VARIETIES, PART II. 167 


(7) Line 30 on page 77 of Part I should read “and hence w,.-*(b;%) 
contains a generator of G41 and we take one such generator for b,%**.” Note 
that this assertion now follows from Lemma 8 of the present paper. (8) Also, 
referring to the fourth sentence in the proof of Lemma 32 on page 80 of 
Part I, the existence of v stated therein follows from Lemma 8 of the present 
paper in view of the fact that all the m,-th roots of unity form a multiplicative 


finite cyclic group. (9) In the third line in footnote 7 on page 61 of Part I, 
the word “normal” is to be omitted. (10) In the first line after Lemma 4 
on page 53 of Part I, the second letter K should be replaced by the letter K*. 
(11) In Theorem 3 on page 79 of Part I, V should be replaced by Pp. 
(12) In line 7 on page 88 of Part I, the second (i) should be replaced by (ii). 


(13) Proofs of Lemmas 8 and 9 of Section 2 of Part I need some clarifica- 
tion in the nongalois cases. Frist note that Lemmas 8 and 9 were not used 
in the proofs of Lemmas 10 and 11 of that section, hence the latter may be 
used in the proving the former. Here we shall first prove Lemma 9 and then 
Lemma 


Proof of Lemma 9. First assume that K,/V is unramified. To show 
that K*,/V* is unramified, in view of Lemma 4 it is enough to show that 
any point P* of V* is unramified in K*,. Let R* —Q(P*, V*), let R*, be 
a local ring in K*, lying above R*, let R=R*,OK and R,—R*,N 
Let H, H,, E*, E*, be the quotient fields of the completions of R, R,, R*, R*, 
respectively. Then by Proposition 1 of [Abhyankar 2] we can conclude that 
is a compositum of and and hence [#*,: =[F,: FE]. Since 
the residue fields of # and R* are algebraically closed (they are isomorphic 
tok), r(R*,: R*) =[H*,: H*] and R) =[F,: Since K,/V is 
unramified, r(R,: Therefore r(R*,: R*) R*,/R* is unrami- 
fied. This shows that K*,/V* is unramified. Now assume that K*,/V is 
tamely ramified and keep the above notation. To show that K*,/V* is tamely 
ramified, in view of Lemmas 2 and 7 we may assume that K,/K is galois, 
and in view of Lemma 11 it is enough to show that R*,/R* is tamely ramified. 
We know that =r(R,/R) 40 (mod p) (for p=0 there is nothing 
to show, so we are assuming that p40). Let F be a galois extension of 
containing H*,. K,/K is galois implies £,/F is galois [Abhyankar 2, 
Section 2], i.e, G@(F/E,) is a normal subgroup of G(F/EZ), and hence 
@(F/E,) G(F/E*) is a normal subgroup of G(F/E*). Now [@(F/E): 
((F/E,) |] =[H,: E] 0 (mod p) and by the homomorphism theorem, 


In these proofs, references to various lemmas are to those in Part I. 
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G(P/E*)/(G(F/E,) 1 G(F/E*) ) 


is isomorphic to a subgroup of G(F/F)/G(F/E,) and hence [G(F/E*): 
G(F/E,) G(F/E*)|]0 (mod p). Now £*, is the compositum of and 
FE, and hence G(F/E*,) = G(F/E,) 0 G(F/E*). Therefore E*,/H* is galois 
and r[#*,: E*]—[H*,: E*|s=40(modp). This completes the proof of 
Lemma 9. Proof of Lemma 8. In view of Lemmas 7 and 9, we may replace 
K, by a least galois extension L of K containing K, and replace K, by the 
compositum of Z and K,, and then again replace K; by a least galois extension 
of K. containing K,. Thus to begin with we may assume that K,/K and 
K./K, are galois. Let P be a point on V, let R=Q(P,V), let RB, be a local 
ring in K, lying above Ff and let F, be a local ring in Ky lying above R,. 
Let be the quotient fields of the completions of Rz respectively 
and let EH; be a least galois extension of F’ containing #,. Then [F,: £,] 
=r(R,: 40 (modp), R) (modp), (for p=0 
there is nothing to prove, so we are assuming that p~0), H,/H, and L,/F 
are galois [Abhyankar 2, Section 2]. In view of Lemma 11 it is enough to 
chow that R,/R is tamely ramified, i.e., H] 40 (modp). Let p? be 
the highest power of p that divides [#,;: F,]. Then p? is also the highest 
power of p that divides [#,;: EH] as well as the highest power of p that divides 
[#;: H,]. Therefore by the Sylow theorem, G(#;/E,) contains a subgroup 
H of order p* and H is necessarily a p-Sylow subgroup of G(F;/F), of 
G(H#;/E,), and of G(E;/E.). Now p-Sylow subgroups of G(H;/E) are 
conjugates in G(#;/F) and G(£;/E,) is a normal subgroup of G(#;/F) and 
hence they are all contained in G(#;/H,) and hence they coincide with the 
p-Sylow subgroups of G(H;/E,). For the same reason the p-Sylow sub- 
groups of G(/;/F,) are also the p-Sylow subgroups of G(£;/E,). Consequently 
the subgroup T of G(;/E) generated by all the p-Sylow subgroups of 
G(E3/:7) belongs to Now T is a normal subgroup of 
howeve: since H; is a least galois extension of H containing F,, the only 
normal subgroup of G(H#;/H) which is contained in G(H;/E.) is the identity 
subgroup. Therefore 71 and hence g=0. This completes the proof of 


Lemma 8. 


9. Main results on fundamental groups. Throughout this section K 
will denote a two dimensional algebraic function field over an algebraically 
closed ground field k of characteristic p, and V will denote a nonsingular 
projective model of K/k, W will denote a curve on V, and W,,- - -. W, will 
denote the irreducible components of W. 


wh 
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Proposition 14. Let K* be a finite separable algebraic extension of K 
such that K*/V is tamely ramified and A(K*/V) CW, let V* be a K*- 
normalization of V and let @ be the rational map of V* onto V. If 
then $*(W,) ts irreducible. 


Proof. Let K’ be a least galois extension of K containing K*, let V’ 
be a K’-normalization of V, and let g be the rational map of V’ onto V. Then 
by Lemmas 5 and 7 of Section 2 of Part I, K’/V is tamely ramified and 
A(K’/V) C W. By Proposition 5 of Section 6, there exists a quadratic trans- 
form (V,,f) of V such that f-+(W) has a strong normal crossing at each point 
of f?{W,] and dim|f?[W,]|>1. Let V’, be a A’-normalization of V,, 
and let g, be the rational map of V’, onto V,;. Then it is clear that A(K’/V,) 
cf*(W), and by Lemma 6 of Section 2, K’/V, is tamely ramified. Let v be 
the valuation of K/k having center W, on V. Then v has center f?[W, | 
on V;. By Proposition 5 of Section 11 of Part I, g,-*(f*[1Vi]) is connected. 
Suppose if possible that g,1(f-*(W,]) is reducible, then we can find two 
distinct irreducible components H and L of g,-1(f-'[ Wi]) which have a point 
P’in common. Let P=g,(P’). Then and hence has a 
strong normal crossing at P. Therefore by Proposition 128 of Section 8, 
only one irreducible component of g,-1(f-*[W.]) can pass through P’, which 
is a contradiction. Therefore g,‘(f*[W,]) is irreducible and hence v has 
only one extension to K’. Therefore v has only one extension to K* and 
hence 6-'(W,) is irreducible. 

PROPOSITION 15. Assume that V is simply connected and dim | W;| > 1 
+v(W;,W;V) for j=—1,---,t. Let K*/K bea galois extension such that 
K*/V 1s tamely ramified and A(K*/V) CW. Let V* be a K*-normaliza- 
tion of V and let & be the rational map of V*onto V. Then we have the 
following: 

(A) W*;—=¢1(W;) ts irreducible for =1,2,-- -,t. 

(B) The inertia group G,(W*;/W;) is a cyclic normal subgroup (of 
order prime to p in case p40) of G(K*/K) for j7=1,2,---,t. Let a; be 
generator of G,(W*;/W;). 

(C) G(K*/K) is generated by 

G,(W*,/W,), Gs(W*:/W:). Hence 


(D) G(K*/K) is generated by the t generators a,,a2,° each of 
which generates a normal subgroup. 
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(E) G(K*/K) is t-step nilpotent and its order is not divisible by p 
in case 0. 


(F) If W; and W,, have a point in common at which W has a normal 


crossing then a; and a, commute in G(K*/K). 


(G) If W; and W,, have a point in common at which W has a normal 
crossing whenever 7k, then G(K*/K) ts abelian. 


Proof. Follows from the proof of Theorem 1 of Section 11 of Part | 
after replacing the reference there to Propositions 6 and 1 of Part I by 
reference to Propositions 14 and 118 of the present paper.’* 


THEorREM 1. Assume that V is simply connected and dim| W;|>1 
+v(W;,W;V) for j=1,---,¢. Then we have the following: 


(A) V—W has a tame fundamental weak parent group G generated 
by t generators 2,° a, with a weak parent map f of G onto x’ (V —W) 
such that in each member H of x (V—W), a; (t.e., the f image of a;) 
generates the cyclic (and normal in H) inertia group over W; of the unique 
irreducible curve corresponding to W; on a normalization of V in the galois 
extension of K corresponding to H; also a; and a, commute in G if Wj; and 
W,; have a point in common at which W has a normal crossing. 


(B) Every unrestricted tame fundamental weak parent group" of 
V —W is t-step nilpotent. 


(C) If W; and W;, have a point in common at which W has a normal 
crossing whenever 7k then every unrestricted tame fundamental weak 


parent group? of V— W is abelian. 
(D) =7'(V—W). 


Proof. Follows from the proof of *® Theorem 2 of Section 12 of Part | 
after replacing the reference there to Theorem 1 of Part I by the reference 
to Proposition 15 above. 


PROPOSITION 16. Assume that V is simply connected and the th 
irreducible components W; can be labelled so that 


14 The adjective “ normal crossing ” in the quoted results of Part I is to be corrected 
to “ strong normal crossing ”; see Remark 6 of Section 8 of the present paper. 

*© In particular, @ and the inverse limit of 7’(V — W), i.e., the galois group ove! 
K of the compositum of all the members of 2,’(V — W), as well as every unrestricted 
tame fundamental parent group of V — W. 

16 Note correction (7) given in Remark 6 of Section 8. 
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dim | W; | = v(W;, W;U Wat U---U W;) 


forj=1,:-°,t. Let K*/K be a galois extension such that K*/V ts tamely 
ramified and A(K*/V) CW. Let V* be a K*-normalization of V and let ¢ 
be the rational map of V* onto V. Choose an irreducible component W*; 
of ¢1(W;). Let H; be the subgroup of G(K*/K) generated by G,(W*,/W,), 
-+ +, G,(W*;/W;), let K; be the fixed field; let V; be a Kj-normalization of V 
and let o; be the rational map of V; onto V; also set Hyp =1, K,—K*, 
V,.=—V* and d6,=¢. Then we have the following: 


(A) ts trreducible for 7 =0,1,- - -,f—1. 


(B) H; is a normal subgroup of G(K*/K), t.e., K;/K is galois for 
and H,=G(K*/K), Ky=K. Let a; be the canonical 
homomorphism of G(K*/K) onto G(K;/K). 


(C) aj = for 7=0,1,° +,f—1. 


(D) Gi(W*;/W;) and are cyclic for j =1,2,- - -,t; 
and if a; is an element of G(K*/K) such that a;(a;) generates G(o;7(W;)/W)), 
in particular if a; is a generator of Gi(W*;/W;), then a,,- - -,a; generate the 
normal subgroup H; of G(K*/K) for j=1,---,t; and a,,- - generates 
G(K*/K). 


(E) G(K*/K) ts t-step solvable and its order is prime to p in case pA 0. 


Proof. (C), (D) and (F) follow at once from (A) and (B) in view 
of Lemmas 1 and 14 of Section 2 of Part I. We shall prove (A) and (B) 
by induction on ¢. For t= 1 this reduces to Proposition 15, so now assume 
that ¢>1 and that (A) and (B) are true for ¢—1. By Proposition 14, 
¢o*(W,) is irreducible so that ¢o*(W,) = W*, and by Lemma 1 of Sec- 
tion 2 of Part I, H,—G,(W*,/W,) is a normal subgroup of G(K*/K). 
Let ¢’ be the rational map of V* onto V,, and let W’; = ¢’(W*;). Then W’; 
_ is an irreducible component of ¢,-'(W;) and by Lemma 2 of Part I, «,(H;) 
is generated by G,(W’./W.),: + -,Gi(W’;/W;). By Lemmas 1 and 6 of Part 
I, W, is not ramified in K, and hence by Lemma 12 of Part I and Pro- 
position 138, A(K,/V)C W.U---UW;, and K,/V is tamely ramified. 
Hence the induction hypothesis is satisfied if we replace K* by K, and W by 
W.U+++U hence we have that ¢;1(W;,.) is irreducible and a,(H;) is 
a normal subgroup of G(K,/K) for and that «,(H;) 
=(G(K,/K). From this (A) and (B) follow at once. Thus the induction is 
complete and the proposition is proved. 
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THEOREM 2. Assume that V is simply connected and that the trreducible 
components W; can be labelled so that dim | W;| 


for j=1,---,t. Then we have the following: 


(A) V—W has a tame fundamental weak parent group G generated 
by t generators a,,- a; with a weak parent map f of G onto x’(V—W) 
such that for each member H of x’(V —W) after denoting the corresponding 
member of Q’,(V—W) by K*, a K*-normalization of V by V* and the 
rational map of V* onto V by @ we have the following: (1) for some irre- 
ducible component W*; of 6 *(W;), fu(a;) ts a generator of Gi(W*;/W;) for 
j=1,- -,t; (2) +, a; generate a normal subgroup H; of H = G(K*/K) 
for j7=1,---,t and H, =H; (3) tf we denote the fixed field of H; by K,, 
a K;-normalization of V by V;, the rational map of V; onto V by 4, the 
natural homomorphism of H onto G(K;/K) by a; and H by Ho, then $;7*(W;j.;) 
is trreducible and «;(Hj.1) = for 7 =0,1,- -,f—1. 


(B) Every unrestricted tame fundamental weak parent group of 


V — W is t-step solvable. 
(C) w*(V—W) =7'(V—W). 


Proof. Replacing the reference to'* Theorem 1 of Part I by reference to 


the above Proposition 16, from any one of the three proofs (i), (ii), (iii) given 
in Theorem 2 of Section 12 of Part I of the initial italicized assertion in the 
proof of that theorem we conclude that 7’(V—W) contains an ascending 
cofinal sequence, LetK=K'< - - be the corres- 
ponding galois extension of K with G(K4/K) =G4. Let v;=0;' be the real 
discrete valuation of K/k having center W; on V. Fix an arbitrary K°-exten- 
sion v;* of v;', then fix an arbitrary K*-extension v;* of v;?, and so on, thus 
getting a K4%-extension of v; for all such that v;’ is a K-extension of 
whenever a<b. By Lemmas 2 and 14 of Section 2 of Part I, for all q we 
have that G;(vj4/v;) is cyclic and ) = Gi(vjt/v;) where 
denotes the natural homomorphism of @(K%1/K) onto G(K4/K). In view 
of Lemma 8 of Section 2, by induction on q we can fix a generator bj‘ of 
G;(vj4/v;) such that = 6,7 for all g. Then by Proposition 16, 
b,%,- - generate G4—=G(K4/K) for each g. Since 
cofinal in 7’(V—W), by Lemma 22 of Section 8 of Part I, we can find a 
group @ generated by ¢ generators a,,- * -,a; and a weak parent map f of @ 
onto 7’(V—W) such that the f image of a; in G4 is 6,4 for all qg and for 
j=1,:--,¢. In view of Lemma 2 of Section 2 of Part I and Proposition 4 
of Section 9 of Part I, everything now follows from the above Proposition 16. 
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Remark %. Remarks 8, 9, and 11 of Section 12 of Part I now apply 
after replacing reference there to Theorem 2 of Part I by reference to the 
above Theorems 1 and 2 and replacing the reference there to Theorem 1 of 
Part I by reference to the above Propositions 15 and 16. Also note that 
for dimension two, Theorems 1 and 2 of Part I are now subsumed respectively 
under Proposition 15 and Theorem 1 above.* 


Remark 8. It is clear that Theorems 1 and 2 together with their proofs 
can be combined in various ways to get other results, here we shall give three 
examples of modified assumptions on W leaving the conclusions on 2’ (V — W) 
to the reader: (1) Assume that the components W; can be labelled so that 


dim | W;| >1++(W;,W;V) for j—1,2,---,s, 
dim | W;| W;U Wy. U- -UW;) 
for 


and that W; and W;, have a point in common at which W has a strong normal 
crossing whenever j7,k=s and jk. (2) Assume that the components W; 
can be labelled so that 


dim | W;| > 1+ (W;,W;U for j—1,---,s 
and 
dim | W;| > 1+ We U -U We; V) 
for j=s+1,s+2,--- 
(3) Assume that the components W; can be labelled so that 
dim | W;| >1++(Wj,W;U for j=1,: - 
dim | W;| > 1+ (Wj, We U U- -U V7) 
for j=s+1,s+2,:--,¢; 
and W; and W,, have a point in common at which W,,,;U W,,.U: --UW; 


has a strong normal crossing whenever j,k >s and jk. 


10. Applications. Throughout this section & will denote an alge- 
braically closed ground field of characteristic p. Note that the dimension of 


the complete linear system determined by a curve of degree g* in a projective 
plane over & is given by (77?) —1=39*(9g* +38). 


THEOREM 3. Let W be a curve in the projective plane P, over k; let 
Wi," ++, W, be the irreducible components of W; let g*; be the degree of W; 
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and let d=1 in case p=0 and d=the highest power of p which divides 
in case p0; let and let G be the abelian group 
on t generators with the only relation 


Assume that 49*;(9*; +3) >1+0(W;,W;P2) for and that 
W; and W;,, have a point in common at which W has a strong normal crossing 
whenever j4k. Then G s a tame fundamental parent group of P,—W. 
Also x*(P,— W) =7’(P,— W) and hence G is a reduced fundamental parent 
group of P,— Was well. G isa direct product of a free abelian group on t—1 
generators and a cyclic group of order equal to the greatest common divisor 
Of * *59t3 equal to the greatest common divisor of g*1, 
in case p=0 and to the part of this prime to p in case p0. 


Proof. Follows from the proof of Theorem 3 of Section 13 Part I after 
replacing the reference there to Theorem 1 of Part I by reference to Proposi- 


tion 15 of Section 9 of the present paper.** 


THeoREM 4. Let K be a two dimensional algebraic function field over 
k, let V be a nonsingular projective model of K/k and let W be an irre- 
ducible curve on V. Assume that V is simply connected and dim | W | >1 
+v(W,W;V). Let K* be the compositum of all the fields in Q’,(V —W). 
Then (i) K*/K ws cyclic of degree 8(W,V); and V—W has as a tame (as 
well as reduced) fundamental parent group a cyclic group of order 8(W,V). 
Let V* be a K*-normalization of V and let be the map of V* onto V (so 
that V* —¢g*(W) is the “tame universal covering” of V—W). Then (ii) 
V*—1(W) ts tamely simply connected. Finally (iii) the normalization of 
V in any field between K and K* (in particular V*) is simply connected. 


Proof. Follows from the proof of Theorem 4 of Section 14 of Part | 
after replacing the reference there to Theorem 1 and Proposition 6 of Part I, 
respectively, by reference to Propositions 15 and 14 of Section 9 of the present 
paper.’ 


Proposition 17. Let V* be anormal projective surface over k. Assume 
that there exists a rational map $ of V* onto a nonsingular projective simply 
connected surface V of finite index such that: (1) ¢ and ¢* are both free 
from fundamental points, (2) V*/V is tamely ramified, (3) A(V*/V) % 
irreducible, and (4) dim|A(V*/V)| (A(V*/V),A(V*/V);7). 
Then V* is simply connected, k(V*)/k(V) is galois with galois group cycli¢ 
of order dividing 8(A(V*/V), V), and V* —g*(A(V*/V)) is tamely simply 
connected in case [k(V*): k(V) ] =8(A(V*/V),V). 
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Proof. This is essentially Theorem 4 stated from a covering to the pro- 
jection instead of the other way around. 


PROPOSITION 18. Let W be an irreducible curve of reduced degree g 
and degree g* in the projective plane P, over k such that 3g*(g* +3) >1 
+(W,W;V). Let K* be the compositum of all the fields in 0’,(P,—W). 
Then (i) K*/k(P.) is cyclic of degree g so that P,—W has for a tame 
(as well as reduced) fundamental parent group a cyclic group of order g. 
Let V* be a K*-normalization of P, and let o be the rational map of V* 
onto P>. Then (ii) V*—¢1(W) is tamely simply connected. Finally (iii) 
the normalization of P. in any field between k(P.) and K* (in particular V*) 


is simply connected. 


Proof. Follows from Theorem 4 in view of Lemma 34 of Section 13 of 
| Part I or alternatively (i) is exactly Theorem 3 for t=1 and (ii) and (iii) 
follow from (i) as in the proof of Theorem 4 of Part I."* 


THeorEM 5. Let V* be a surface in projective 3 dimensional space P3 
| over k having an affine equation 


| where W: f(X,,X2) =0 ws an irreducible curve of degree g* and reduced 
degree g (t.e., f is an irreducible polynomial of degree g*) in the projective 
plane P, over k (with affine coordinates X,,X.) such that 49*(g*-+3)>1 


+v(W,W;P:) and such that m divides g. Then V* is simply connected. 
| Ifm=g then V* — (f(X1,X2) =0N V*) ts tamely simply connected. 


Proof. Follows from the proof of Theorem 5 of Section 14 of Part I 


after replacing the reference there to Propositions 7 and 8 of Part I, respec- 


tively, by above Propositions 17 and 18 and substituting 2 for n.1* 


Proposition 19. Let V be a nonsingular algebraic surface over the 
| complex ground field such that V has no finite unramified topological coverings 
(this is so in particular if m(V)—=1), let W be a curve on V and let 
++, We be the irreducible components of W, and by yx,(V —W) denote 
| the factor group of 7,(V—W) by the intersection of all subgroups of finite 
index in 7,(V—W). (1) If for some labelling of the components W,, 
for j—1,---,t, then 
vm(V—W) is t-step solvable and it is an unrestricted tame fundamental 
parent group of V—W and its Krull-completion has a dense subgroup gene- 
rated by ¢ generators. (2) If dim| W,|>1-+ +(W;,W;V) for j=1,- --,¢ 
then is t-step nilpotent. (3) If W;| >1-+(W;, W;, V) 
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for j=1,- --,t and W; and W, have a point in common at which W has a 
normal crossing whenever j Ak, then yx1(V —W) 1s abelian. 


Proof. Follows from Theorems 1 and 2 of Section 9 in view of the 


considerations of Section 15 of Part I. 


Remark 9. Theorems 3, 4, 5 and Propositions 7, 8, 9 of Part I for 
n=2 are now subsumed, respectively, under above Theorems 3, 4, 5 and 
Propositions 17, 18, 19. In deducing Theorem 3 we have only used a part 
of Theorem 1. Using the full force of Theorems 1 and 2 we could have 
stated the corresponding versions for the projective plane, we have not done 
this here because elsewhere we shall state stronger conclusions under these 


circumstances. 


Remark 10. It is clear that using Propositions 6 to 10 of Section 7 we 
can get several explicit corollaries for all the results of this and the previous 
section. Let us illustrate this by some examples. 


Example 1 (For Theorem 1). Let V be a nonsingular simply connected 
algebraic surface over k, let W be a curve on V, and let W,,- - -, W; be the 
irreducible components of W. Assume that at a common point of distinct 
irreducible components of W only two irreducible components pass and each 
has a simple point there. and let j, be the sum of orders of contact of W; 
with the various W; (147) at the various points of intersection. Also assume 
that for each j, the singularities of W; are all cusps and let j,,- - -, 7», be the 
orders of these cusps. If 


by 
dim | W;| > 1+ jat+ 3X 8) 


for j—1,- - -,t, then 7’ (V— W) —x*(V—W) is generated by ¢ generators 
and is ¢-step nilpotent; if in addition W; and W; have a point in common at 
which W has a normal crossing whenever 7 41, then 7’(V— W) is abelian. 


Example 2 (For Proposition 18). Let W be an irreducible curve in the 
projective plane P, over &. Let g be the reduced degree of W and let g* be 
the degree of W. Assume that any point P of P, at most two analytic branche: J 
of W have a common tangent and that if two analytic branches of W at P 
do have a common tangent then each of these branches have a simple point 
at P; also assume that at any point P of W all analytic branches of W not 
having a simple point at P necessarily have a cusp at P. Let u1,- - -,Uq denote 
the orders of contact of various pairs of branches having tangents at various 
points of W (u;>1); let v,,- - -,v, denote the orders of the cusps of the 
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various branches of W at various points of W (v;>1), and let w,,° ° -,we 
denote the multiplicities of W at the various singular points of W (w;>1). 
Denote by 7 (P.—W) the galois group over k(P.) of the compositum of 
all finite extensions of &(P.) (in a fixed algebraic closure of k(P2)) which 
are tamely ramified over P, and for which the branch locus on P, is contained 
in W. If 


a b c 
39*(9* +3) > (u;—1) + 1) 


then 7’(P2—V) is cyclic of order g. 


Example 3 (For Proposition 18). Irreducible plane curves of degree 
<4. Let W be an irreducible curve of degree g* in the projective plane P, 
over k and let 7(P.—W) denote the galois group over k(P.) of the com- 
| positum of all finite galois extensions of &(P.) (in some fixed algebraic closure 
of k(P2)) which are tamely ramified over P, and for which the branch locus 
on P, is contained in W. Here we consider the situation g* = 4. 


g* =1 (Lines). dim| W|—2 and v(W,W;P.)—0. Hence 7(P,— W) 
= 


g* =2 (Conics). dim|W|—5. Again W is nonsingular and therefore 
0(W,W;P.) =0. Hence 7’ (P,—W) is cyclic of order 2 or 1 according as 
pA2 or p=2. 


g* =3 (Cubics). dim|W|=9. W can have at most one singularity, 
because otherwise for a line L joining two singularities of W we would have 
 uUL-W,P.) >38. Let P be a singularity of W. Then P must be a double 
point of W, because otherwise for a line Z tangent to W at P we would have 
| <(L:W,P,) >3. If there are two branches of W at P then again for the 
| same reason these two branches cannot have a common tangent and then 
(W,W;P,V)—3. If there is only one branch of W at P then for the tangent 
| line L to W at P we must have v(L-W;P,P.) =3 and hence P must be a 
| two-fold cusp of W and then v(W, W;P,P,) =5. Thus always v(W, W; Pz) 
+155+4+1=—6<9. Hence 7’(P,—V) is cyclic of order 3 or 1 according 
a8 p43 or p=3. 


g* =4 (Quartics). We shall show in a later paper that (1) if W does 
| not have three cusps then 7’(P,— W) is cyclic of order 4 or 1 according as 
| PA or p=2; (2) any two quartics with three cusps are projectively 
equivalent; and (3) if W is an irreducible quartic having three cusps and 
| PA2,3 then 7(V—W) is a nonabelian group of order 12 and that this 
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group is the same as the one found by Zariski in the classical case | Zariski 11, 
Zariski 12, page 164]. 

Remark 11. In the situations of Theorems 1 and 2 of Section 9; con- 
jecture 2 of Section 16 of Part I has now been verified and in the situation 
of Theorem 3 of this section, conjecture 1 of Section 16 of Part I has now 
been verified. Also Remark 14 of Section 17 of Part I now applies to the 
results of this and the previous section. 


PRINCETON UNIVERSITY. 
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TAME COVERINGS AND FUNDAMENTAL GROUPS OF 
ALGEBRAIC VARIETIES.* 


Part III: Some Other Sets of Conditions for the Fundamental 
Group to be Abelian. 


By SHREERAM ABHYANKAR. 


Dedicated to my teacher Professor Oscar Zariski 
on his sixtieth birthday. 


Introduction. Let K be an m dimensional algebraic function field over 
an algebraically closed ground field & of characteristic p, and let V be a 
simply connected nonsingular projective model of K/k, let W be a pure 
(n—1)-dimensional subvariety of W and let W,,- - -, W: be the irreducible 
components of W. Denote by x’(V — W) the group tower of the galois groups 


over k(V) of all the finite galois extensions of k(V) (in some fixed algebraic 
closure of k(V)) which are tamely ramified over V and for which the branch 
locus over V is contained in W. 


In Theorem 2 of Section 12 of Part I** we proved that if (i) W has 
only strong normal crossings (ii) dim|W,;|>1 for each j and (iii) the 
components W; are pairwise connected, then 2’(V—W) is abelian with ¢ 
generators; also in Theorem 1 of Section 9 of Part II we proved that if (i) 
n=2, (ii) * dim|W;|>1-+1(W;,W,V) for each j and (iii) W; and W; 
have a point in common at which W has a normal crossing whenever j~k; 
then x’(V—W) is abelian with ¢ generators. In this paper we want to show 
that conditions (iii) above can be replaced by the condition that for each j 


* Received February 18, 1959. 

*“Part I: Branch loci with normal crossings; Applications: Theorems of Picard 
and Zariski,” and “Part II: Branch curves with higher singularities,” published in 
Tespectively in volumes 81 (1959) and 82 (1960) of this Journal; these will be referred 
to as “Part I” and “Part II” respectively. Notations, conventions and definitions 
given in Parts I and II will be followed and some more will be introduced in Section 1. 

* Also see the correction given in Remark 6 of Section 8 of Part II. 

°»(W,;,W; V) is a certain measure of the singularities of W, relative to W; for 
definition see Section 6 of Part II. 
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and k some nonzero integral multiple of W; is linearly equivalent to some 
integral multiple of W, (Theorem 1 of Section 3), and then in the second 
mentioned result condition (ii) can be replaced by the weaker condition that 
for some labelling of the components Wj, 


dim | W; | >1+(W;,W;U 


for each j; this will be done by using the method of “removing tame ramifica- 
tion through cyclic compositum.” (Proposition 1 of Section 2). Conse- 
quently in case V is the n dimensional projective space over k then we can 
drop conditions (iii) altogether, thus yielding a further generalization of 
Zariski’s theorem [Part I, Theorem 3 of Section 13; Part II, Theorem 3 of 
Section 10] (Theorem 2 of Section 4). 


1. Notations and conventions. Let v be a real discrete valuation of a 
field K, let p be the characteristic of the residue field of v, let K* be a finite 
separable extension of K, and let v* be a K*-extension of v. In [A1, Section 1; 
A2, Section 2; Part I, Section 2]* we developed various notions of ramifica- 
tion and galois theories of quotient rings on normal algebraic varieties; the 
corresponding notions for real discrete valuations are well known and they 
also follow from the quoted reference since the only special properties of a 
normal local domain when it is the quotient ring on an algebraic variety 
which were used were that it is noetherian and its completion is also a normal 
local domain. Consequently we may and we shall use the notions, notations 
and results given in the above refrence also for real discrete valuations. Then 
if R,», R, are the completion of FR,» and R, respectively and if #* and F are 
the quotient fields R,» and R, respectively then 


d(v*: v) =degree of v* over v 
= d(R,.: R,) —degree of over R, 
= d(v*: K) —degree of v* over K 
= [H*: 

g(v*: v) separable residue degree of v* over v 
=g(R,»: Ry) separable residue degree of R,+ over R, 
=4g(v*: K) =separable residue degree of v* over K 
= [(Roe/Mye) : 

1(v*: v) = inseparable residue degree of v* over v = etc. 
= [(Ry-/M,-) : (Ry/M,) in case p40 and 1 in case p=0. 


* Numbers in square brackets refer to the references at the end of the paper. 
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r(v*:v) =ramification index of v* over v —etc. 
== d(v*: v)g(v*: 


#(v*: v) =reduced ramification index of v* over v = etc. 


a= v)t(v*: v)-. 


Now it follows from well known results [for instance C, Theorem 23] 
that the reduced ramification index of v* over v is the index of the value 
group of v in the value group of v*. Hence in particular if v*,,- - -,v™*, are 


t 
distinct extensions of v to K* then }F(v*;: v)g(v*;: v)i(v*;: v) = [K*: K]. 


f=2 
Note that if R,, is the quotient ring of an irreducible one codimensional sub- 
variety W of an algebraic variety then the ramification and galois theoretic 
notions for v coincide with those for W. 

For a polynomial f = f(X,,---,Xn) we denote by Ax,f = Ax,f(X1,---, Xn) 
the discriminant of f when f considered as a polynomial in XY, whose coefficients 
are polynomials in X»,- - -,X,; when the reference is clear from the context, 
the subscript 1, may be dropped. 


2. Removing tame ramification through cyclic compositums. In 
[A1l,A3] and Parts I and II we have several times used a method which 
can be called “removing the tame ramification of a real discrete valuation 
through compositums with a cyclic extension,” we give this in a general form 
in Proposition 1 below and it then subsumes Lemma 6 of [A1] and Proposi- 
tion 8 of [A3]. 


LemMaA 1. Let R be either the quotient ring of an irreducible subvariety 
of a normal algebraic variety or the valuation ring of a real discrete valuation. 
Let K be the quotient field of R, let L and K* be finite separable extensions 
of K, let L* be a compositum of L and K*, let S* be a local ring in L* lying 
above R, let R* = K* 1 S* and S=LQS8*. Assume that S is unramified 
over Then S* is unramified over R* and r(S*: S) =r(R*: R), #(S8*: 8) 
=7(h*: R), 1(S*: 8) =1(R*: R), and g(S8*: 8S) Sg(R*: R). 


Proof. Since the situation remains parallel if we pass to the completions 
of R, S, R*, S* [Section 2 of A2], we may assume that these local domains are 
complete to begin with. Let D, D*, ZH, E* be the residue fields of R, R*,S, S* 
| Tespectively. Then our assumption implies that D] D],=[L: K]. 
Since EH/D is separable, there exists a in FE such that H=D(a). Fix an 
element A in 8 belonging to the residue class a. Let F(X) be the minimal 
monic polynomial of A over K. Then all the coefficients of F are in R. Let 
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f(X) be the monic polynomial obtained by reducing the coefficients of F(X) 
modulo the maximal ideal in Rk. Let e denote the degree of F and hence also 
the degree of f. Now we must have f(a) —0 and hence e=[H: D]. How- 
ever also e=[K(A): K]S[L: K]. Since [Z: D] =[L: K], we have 
e=[H: D] =[L: K] and hence K(A) =L. Consequently, K*(A) = L*, 
Let G(X) be the minimal monic polynomial A over K*. Since R* is normal, 
F =GH where G and H are monic polynomials with coefficients in R*, 
Hence A(G) divides A(F’) in R*. Now A(F) belongs to the residue class 
(modulo the maximal ideal in R) A(f). Since f is a separable polynomial, 
A(f) #0 and hence A(/) is a unit in # and hence a unit in R*. Therefore 
A(G) is a unit in R* and consequently [see K] S* is unramified over R’*, 
ie., r(S*: R*) =F(S*: R*) =i(S8*: R*) = 1. 

Now r(S*: S)r(S: R) =r(S*: R) =r(S8*: R*)r(R*: KR) and hence 
r(S*: S) =r(R*: and similarly 7(S*: 8S) =F(R*: R) and 1(S*: 8) 
=i(R*: R). Next, g(S*: 8)r(S*: 8S) =[L*: L] and g(R*: R)r(R*: R) 
= [K*: K]; since L* is the compositum of K* and L, any set of K-generators 
of the K-vector space K* is also a set of L-generators of the L-vector space L* 
and hence [L*: L] = [K*: K] and therefore in view of the equality r(S*: 8) 
=r(R*: R) we can conclude that g(S*: 8S) =g(h*: R). 


Remark 1. The inequality g(S*: S) =g9(R*: FR) is in general false if 
we do not assume that S is unramified over R. This can be seen from the 
following example. Let & be an algebraically closed field of characteristic p, 
let w and x be independent variables over k, let n be an integer greater than 1 
such that n is prime to p in case p40. Let K —k(u)((2)), L* = K(a, u/”), 
K* =K R=k(u)[[2]]. Then we must have 


Consequently g(R*: R) =1 and g(S*: S) =n. 


Lemma 2. Let v bea real discrete valuation of a field K, let p be the 
characteristic of the residue field of v, let ny,- - +, nz be positive integers which 
are prime to p in case p40, let 2%,- - -, 2 be elements of K having v-value 
zero, and let L be a field generated over K by a certain number of roots of the 


t 
polynomial JJ (X"s—2;). Then v is unramified in L. Now let K* bea 


finite separable extension of K, let L* be a composition of L and K*, let w* 
be an extension of v to L*, let v* be the restriction of w* to K* and let w 
be the restriction of w* to L. Then r(w*: w) =r(v*: v), F(w*: w) = 7(v*: 0); 


i(w*: w) =1(v*: v). 
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Proof. If T is a finite separable extension of K and T* is a finite 
separable extension of 7’, then v is unramified in T if and only if r(u: v) =1 
for every 7’-extension wu of v; also if uw is a T-extension of v and if u* is a 
T*-extension of u then r(u*: v) =r(u*: v)r(u: v), u(a;) =0 for all 7. 
Therefore it is clear that the first assertion will be proved if we show that v 
| is unramified in K(z) where z is a root of f—=f(X) =X™—z,; let g(X) 
be the minimal polynomial of z over K, since R, is integrally closed we must 
have f = gh where g and h are monic polynomials with coefficients in R, and 
hence A(g) divides A(f) in R,; now A(f) equals a power of n, times a power 
of 21, 2, is a unit in R, and n, is not divisible by p if p0 and hence n, is 
also a unit in #,, therefore A(f) and consequently A(g) is a unit in R,, from 
this we conclude that v is unramified in K[z] (see [K]); this completes the 
proof of the first assertion. The second assertion now follows from Lemma 1. 


Lemma 3. Let v bea real discrete valuation of a field K, let p be the 
characteristic of the residue field of v, let x be a nonzero element of K, let 
q=v(a), let n be a positive integer which is prime to p in case p0, let v 
be the greatest common divisor of n and q,° let b=n/v and K* be a field 
generated over K by one or more roots of the polynomial X" —z over K and 
let v* be an extension of v to K*. Then r(v*: v) =F(v*: v) =b and 
i(o*: v) 1. 


Proof.’ Fix y in K with v(y) =1 and let A—z/y%. Then v(A) —0, 
and hence 40. Let L be a field generated over K by all the roots of the 
polynomial (X"— A) (X"—1), let L* be a compositum of K* and ZL, let w* 
| be an extension of v* to L* and let w be the L-restriction of w*. Then by 
Lemma 2, r(v*: v) =r(w*: w), F(v*: v) =F(w*: w) and w(y) =1. There- 
fore it is enough to show that r(w*:w) =f(w*:w) —b. By our assumption, 
L* contains a root z of X" —z and L* is generated over L by a certain number 
of roots of X"—r. Let B be a root of X"—A in L and let =z/B. Then 
| €¢L* and &’=—y%. Let ¢ be any root of 4"—vz (in some field extension of 
L*), then and hence t/z is a root of ¥"—1; therefore t/z€ L* 
and hence ¢€ L*. Therefore L* = L(z)=L(é). Leta=gq/v. Now X*—1 
has all its roots in L and n is prime to p in case p40 and hence n is prime 
to the characteristic of Z in case this is different from zero, therefore L con- 
tains a primitive n-th root h of unity. Now (£%/y%)” = = 


°Our assumption implies that all the extensions considered in the statement of the 
lemma and all the extensions to be considered in the proof are separable and hence we 
» can use the methods of ramification and galois theories, 
Note that if = 0 then y= n and = 1. 
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and by =n, therefore &°/y* = h*» where s is an integer. Let »=£h-*. Then 
L* =L (ny) and If then and there is nothing to prove, 
so now assume that as40. Then a and b are coprime nonzero integers and 
hence we can find integers a and 8 such that aa+bB=—1. Let £=—y%yé. 
Then £4 == (y%)B 4% —y and hence L*—L(f). Also 
= w*(y) = w* = bw*(¢) and hence 7#(w*: w) L]. There 
fore 7(w*: w) =b=[L*: L]. Hence r(w*: w) =7(w*: w) =b. 


Proposition 1. Let v be a real discrete valuation of a field K, let p be 
the characteristic of the residue field of v, let K* be a finite separable extension 
of K, let v* be an extension of v to K, let 1,21, %2,° +, (620) be nonzero 
elements of K such that v(2;) =0 for j=1,---,t; and let n= Mo, +, 
be positive integers which are not divisible by p in case pA0. Let L bea 
field generated over K by one or more roots of the polynomial X"—<x and a 


t 
certain number of roots of the polynomial [J (X"—za;), let L* be a com- 


positum of K* and L, let w* be an extension of v* to L* and let w be the 
restriction of w* to L. Let q=v(x) and let a=7F(v*: v). Let v be the 
greatest common divisor of gq and n.2 Let b=n/v. Let d be the greatest 
common divisor of a and b. Let e==a/d. Then (i) *(w*: w) =e and 
i(w*: w) =1(v*: v). Furthermore (ii) tf q=1 and a divides n then 
F(w*: w) =1; (iii) if r(v*: v) 40 (modp) m case pA0 and always in 
case p=0 we can choose x and n such that q=1 and a divides n, and then w* 
is unramified over w; and (iv) if qg=1, if a divides n, tf i(v*: v) =1, if T 
is a finite separable extension of L; if T* is the compositum of T and K*, 
if u* is a T*-extension of v* and if u ts the T-restriction of u*, then u* is 
unramified over u. 


Proof.’ (ii) and (iii) follow from (i), and (iv) follows from (iii) in 
view of Lemma 1; hence it is enough to prove (i). 
Let K, be a field generated over K by all the roots of the polynomial 


Il (X"1 —a;) ; let K*,, L,, L*, be the compositums of K, respectively with 
K* L, L*; let w*, be an extension of w* to L*, and let v1, v*,, w, be the 
restrictions of w*, respectively to K,, K*,, L,. Then by Lemma 2 we have that 
#(v*,: v,) =F(v*: v) =a, 1(v*,: v,) =1(v*: v), F(w*,: w) = 
F(w*: w),t(w*,: w,) =i(w*: w); and = v(x) - (I) 


Now n= by and g=cy where b and ¢ are coprime nonzero integers and 
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a=ed and b=fd where e and f are coprime nonzero integers. Applying 
Lemma 3 to L,/K, we have that 


7(w,: =b and 1(w,: v,) =1--- (II) 


Now aq = (ec) (dv) and n = (f) (dv) ; since 6 and c are coprime, f and c 
must also be coprime ; also f and e are coprime and hence f and ec are coprime ; 
therefore dv is the greatest common divisor of ag and n, and n= (f) (dv). 
Also by (1), v*i(@) =F(v*,: =aq. Hence applying Lemma 3 to 
L*,/K*, we get 


?(w*,: v*,) =f and 1(w*,: v*,) - (ITT) 


Now #(w*,: =F(w*,: = F(w*i: wW1)F(Wi: and 
hence by (I, II, 111) we get fa=F(w*,: w,)b and substituting ed for a and 
fd for 6 this gives us #(w*,: w,) =e and hence by (I): #(w*: w) =e. Again 
i(w*,: = 1(w*,: v1) =1(w*,: w,)1(w,: and hence by (I, 
II, we have: 1(w*: w) =1(v*: v). 


Proposition 2. Let K be an n dimensional algebraic function field over 
an algebraically closed ground field k, let V be a nonsingular projective model 
of K/k, let W be a pure n—1 dimensional subvariety of K and let W,,: - +, W; 
be the irreducible components of W. Assume that the following conditions 
are satisfied: (i) 7 (V—W.—W,;—- -—W,) is abelian; (ii) Q(Wi,V) 
does not split (i.e. there is a unique local ring lying above it) in any finite 
separable extension of K which is tamely ramified over V and for which the 
branch locus over V is contained in W; (iii) some nonzero integral multiple 
of W, ts linearly equivalent to some integral multiple of W.. Then 2’ (V—W) 
is abelian. 


Proof.’ We have to show that if K*/K is a galois extension such that 
K*/V is tamely ramified and A(K*/V) C W then @(K*/K) is abelian. 
Assumption (iii) means that there exists y in K such that (y) =aW,— BW, 
where « and 8 are nonzero integers. Let v be the real discrete valuation of K 


having Q(W,, V) as its valuation ring and let v* be the unique K*-extension 
ofv. Let a=F(v*: v) =r(v*: v). Let a,=1 in case p=0 and a, =the 
highest power of p which divides a in case p30. Let a—a/a, and let 
m=a%. Then m is prime to p in case p30. Let L be the field generated 
over K by a root x of the polynomial ¥"—y. Since & is algebraically closed, 
L/K is a galois extension, G(L/K) is cyclic and its order is prime to p in 
case p40 and hence L/V is tamely ramified. Since (y) =aW,—,BW,, 


‘ All extensions of K are to be taken in some fixed algebraic closure of K. 
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Lemma 2 tells us that A(L/V) CW,U W,C W. Let L* be the compositum 
of L and K*. Then L*/K is galois and by Lemma 12 of Part I, L*/V is 
tamely ramified and A(L*/V) C W. Hence by assumption (ii), there is only 
one L*-extension w* of v and it is clear that v* is the K*-restriction of w*, 
Let K; be the inertia field of w*/v, let K*; and L; be the compositums of K; 
with K* and L respectively, let v;, v*;, wi be the restrictions of w* to Ki, K*,, 
[; respectively. Then by Lemmas 1, 2, 13 and 17 of Part I we get (1) Ki/K 
is galois, (2) g(w*: vi) = 1, (3) v) =1, (4) A(Ki/K) C W2U--- UW, 


L*, w* 


K,v 


Also since L*/V is tamely ramified, so is K;/V and hence in view of (4) 
assumption (i) tells us that G(K;/K) is abelian, and since L/K is cyclic we 
conclude that (5) L;/K is galois and G(Zi/K) is abelian. From (3) and 
Lemma I we get (6) 7(v*;: vi) =a. Now it is clear that (7) L* is the 
compositum of K*; and = K;(z), and Also (y) 
implies that v(y) =a and hence by (3) we get (8) vi(y) =a—=a,%. Let p 
be the greatest common divisor of m and a, and let b= m/p. Now a is not 
divisible by p in case p40 and hence always a and a, are coprime; since 
m= we can conclude that »— «a, and hence In view of (6,7,8), 
Proposition 1(i) applied to the top quadrilateral in the diagram now yields 
(9) r(w*: w;)=1. Also (2) or alternatively [A4, Proposition 1.49] tell 
us that (10) g(w*: w;)=1. Since w* is the only L*-extension of wi, 
(9) and (10) now yield that L* = 1; and hence by (5), G@(L*/K) is abelian. 
Therefore G(K*/K) is abelian. 
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3. Main result. Throughout this section K will denote an n-dimen- 
sional algebraic function field over an algebraically closed ground field k of 
characteristic p, V will denote a simply connected nonsingular projective model 
of K/k, W will denote a pure (n—1)-dimensional subvariety of V and 


W,, °°, We will denote the irreducible components of W. 


PROPOSITION 3. Assume that for any j and k some nonzero integral 
multiple of W; ts linearly equivalent to some integral multiple of W;, and that 
the components W; can be labelled such that for j7=1,- - -,t, Q(W;,V) does 
not split in any finite separable extension K* of K for which K*/V 1s tamely 
ramified and A(K*/V) CW;U Wy, U---UW;. Then x’(V—W) is abelian 
and — W) =7'(V—W). 


Proof. That «’(V—W) is abelian follows for {1 as in the proof of 
Theorem 4 of Section 14 of Part I and from this the general case follows by 
} induction in view of Proposition 2 above. Now assume that p+ 0 and let K* be 
a galois extension of K such that K*/V is tamely ramified and A(K*/V) C W. 
Then K*/V is abelian and hence for each j, the inertia groups over K of any 
local ring in K* lying above Q(W;, V) coincide with each other, let G; be this 
common group, let G be the subgroup of G@(K*/K) generated by Gi,- - -, G; 
and let Z be the fixed field of G. Then by Lemmas 13 and 17 of Part I, 
L/V is unramified and hence LK. Now the order of each subgroup G; 
is prime to p and hence the order of G(K*/K) is also prime to p. Therefore 
n*(V—W) (V—W). 


THEOREM 1. Assume that for each j and k some nonzero integral 
multiple of W; is linearly equivalent to some integral multiple of Wx, and 
either that W has only strong normal crossings and dim|W;| > 1 for each j 
or that n= 2 and for some labelling of the components W; we have dim | W; | 
>1+1(W;,W;U for each j. Then (V—W) is 
| abelian and is generated by t-generators. 


Proof. In view of Proposition 3, that 7’(V— W) is abelian follows from 
Proposition 6 of Section 11 of Part I and Proposition 14 of Section 9 of Part 
II respectively. That 7’(V—W) is generated by ¢ generators has been 


proved in Theorem 2 of Part I? and Theorem 2 of Part II. 


4, Applications. As in the proofs of Theorem 3 of Section 13 of Part 
I? and Theorem 3 of Section 10 of Part II, Theorem 1 of the previous section 
now gives the following theorem which subsumes these results of Parts I and 
II. This is the theorem of which we spoke of in Remark 9 of Section 10 of 
Part IT. 


g 

) 
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THEOREM 2. Let P, be the n dimensional projective space (n >1) over 
an algebraically closed ground field k of characteristic p, let W be a hyper- 
surface in P, with irreducible components W,,- - -, W:, let g*; be the degree 
of W;; let d=1 in case p=0 and d=the highest power of p which divides 
g*1,° in case pA0; let and let G be the abelian group 
generated by t generators a,,- a, with the only relation 


a,” 


Assume either that W has only strong normal crossings or that n=2 and the 
components W; can be labelled so that 


$9*;(9*; +3) >1 + ¥(W;, W;U W,;P2). 


Then G is a tame fundamental parent group of V—W. Also x*(V—W) 
= 7’ (V —W) and hence G is a reduced fundamental parent group of V—W 
as well. G is a direct product of a free abelian group on t—1 generators 
and a cyclic group of order equal to the greatest common divisor of g1,° +, 91; 
equal to the greatest common divisor of g*1,- -,g*: case p=0 and 
to the part of this prime to p in case p0. 


Remark 2. Results similar to Proposition 3 with regard to Theorem 2 
of Section 12 of Part I, Theorems 1, 2 of Section 9 of Part II and Theorem 2 
of this section clearly hold. Also all the remarks made in Parts I and II 
concerning Theorems 2 and 3 of Part I and Theorems 1, 2 and Part II now 
are valid in the situations of Theorems 1 and 2 of this paper. Finally it is 
clear that in the classical case we now have the form of Proposition 19 of 
Section 10 of Part II corresponding to Theorems 1 and 2 above. 


Remark 3. Let the notation be as in Definition 7 of Section 6 of Part II 
and assume that A—RadgA. Then instead of treating a 2-fold normal 
crossing in a way similar to an s-fold ordinary point (s= 2) one might con- 
ceivably have thought of defining “v(A,A;R,R)=0 if A has a normal 
crossing at R.” This would have been inappropriate, for otherwise the above 
Theorem 2 would have been false. To show this let us further consider the 
example given in Remark 5 of Section 8 of Part II. We shall use the notation 
of that Remark. Let v be the real discrete valuation of K/k having center VW; 
on V. Then as shown, v splits into two valuations in K*, let these be v’ and 
v*, Let and b=yz+z2. Then v(ab) —v(f) and a and) 
generate distinct prime ideals in R, and hence after a suitable labelling of “’, 
v* we must have v’(a) =1, v’(b) =0, v*(a) =0, v*(b) =1. Let W’ and 
W* be the irreducible components of ¢-*(W,) corresponding to v’, and * 
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respectively. Now the K*/K norm of a is f and hence the part of the divisor 
of a on V* at finite distance equals W’.2 Let n be any integer greater than 1 
such that nm is prime to p in case p30. Let Ki, —K*(a"). Then K,/V 
is tamely ramified and A(K,/V) C W. However v’ is ramified in K, while 
v* is not and consequently K,/K is not galois and hence 7’(V—W) cannot 
be abelian, i.e., Theorem 2 does not apply to V—W. 

Next, one can easily verify the following: (1) the only singularity of 
W, is the 2-fold normal crossing at P: X = Y =O and neither Z nor L, 
pass through this; (2) at P’: (XY =0, Y =1), L and W, have a 2-fold contact 
and L,, does not go through P’: (3) at the point P* at infinity in the direction 
Y =0, W, and L,, have a 3-fold contact and L has a normal crossing with W,. 
Therefore by the results of Section 7 of Part II we get v(Wi,W;P,V) =83, 
(W,,W;P’,V) =2 and »(W,,W;P*,V)—3. Hence »(W,,W;V) =8. 
Also dim | W,|—=9 and 9$1-+8. This accounts for the nonapplicability 
of Theorem 2. However had we set v(W,,W;P,V) =0 at the 2-fold normal 
crossing P then v(W,,W;V) would have been equal to 5 and we would have 


had 9>1+ 5. 


Remark 4. Let P? be a projective plane over an algebraically closed 
ground field & of characteristic p, let W be a curve on P?, and let W,,: - -, W; 
be the irreducible components of W. A weaker form of Proposition 3 is this: 
(A) If for j7=1,---,t,Q(W;,P*?) does not split in any member of 
(P?—W), then «’(P?—W) is abelian. The corresponding form of 
Theorem 1 is this: (B) If dim W; >1-+ 1(W;,W;P?) for j==1,- - -,¢, then 
(P?— W) is abelian. Here we shall show that the converse of (A) does not 


hold, i.e., some W; can split in some member of 0’(P?— W) and x’(P?— W) 


may still be abelian. The same examples will also show that there exists a 
tamely ramified covering f: V—> P?, and two distinct lines L,, L, such that 
a’ (V—L*—f-*(L,)) =1 where L* is an irreducible component of f-1(L;). 

Let P* be a projective three space over k with affine coordinates XY, Y, Z; 
let V be a nonsingular surface in P*; consider P? to be the (X, Y )-plane ; 
and let f be the projection of V onto P? along the Z-axis. Example 1. (p2). 
V: X¥Y—1=0; W,: YY—1—0; W.: ¥=0; W;—the line 
at infinity. Then A(V/P?)=W,CW. 
(mod X) and hence f-?(W.,) has two irreducible components W* and W’. 
Now »(W,, W; P?) = 2 and dim |W,|=5. Hence by Theorem 1, x’(P?— W) 
isabelian. Suppose if possible that 7’(V—W*—f2(W,)) 1. Then there 
exists a finite separable extension K of &(V) other than &(V) such that K/V 


*One can also easily show that ¢"(Lx) is irreducible and (a) = W,— ¢"(Lo). 
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is tamely ramified and A(K/V) C W*Uf?(W;). Then K/P? is tamely 
ramified and A(K/P?) C W. Since x’(P?— W) is abelian, K/P? is galois and 
since W* and W’ are components of f-*(W.), we must have A(K/V) C f*(W;) 
and hence A(K/P?) C W,U W;. From this, in view of [Part I, Section 13] 
we conclude that f-*(W,) must be ramified in K. This is a contradiction. 
Therefore 2’ (W— W*—f*(W;)) =1. If & is the field of complex numbers 
then 7,(V —W*—f+*(W;)) =1. This can be seen by noting that V —W* 
—f(W;) is biregularly equivalent to an immediate quadratic transform of 
a complex affine plane. 


Example 2. t=—3; V: Z—Y%—X(X+a)(X +5) =0 
where a and 0 are distinct nonzero elements of k; W,: Y3+ X(X +.a)(X +)) 
=0; W.: =0; W;=line at infinity. Then v(W,,W;P?) =3, dim|W,| 
= 9, and 


Y?—X(X +a)(X +b) =(Z—AY) (Z—h*Y)(Z—Y)_  (modX) 
where h is a primitive cube root of 1, etc. 
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